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Abstract 

We prove the asymptotic formula for the fourth moment of auto¬ 
morphic L-functions of level p u , where p is a fixed prime number and 
v — » oo. This paper is a continuation of work by Rouymi, who com¬ 
puted asymptotics of the first three moments at prime power level, 
and a generalization of results obtained for prime level by Duke, 
Friedlander & Iwaniec and Kowalski, Michel & Vanderkam. 


1 Introduction 

Let L(s, f) be an automorphic L -function associated to / G H£(q), where 
HI ( q ) denote the set of primitive forms of weight k and level q. An important 
subject in analytic number theory is the behavior of such L-functions near 
the critical line. Questions of particular interest are subconvexity bounds 
and proportion of non-vanishing L-values. A possible way to analyze these 
problems is the method of moments. This technique proved to be very ef¬ 
fective in the recent years; see [D], | DFI] , [IS] , [KM] . [ KMV] for details and 
examples. 

In 1995 Duke proved the asymptotic formula for the first moment 
and the upper bound for the second moment when q is prime and k — 2. 
Four years later, Akbary [A] generalized this result to the case of prime 
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q and k > 2. In 2011 Ichihara pi] found the asymptotic formula for the 
first moment when q is a power of prime and 2 < k < 10, k = 14. In the 
same year, Rouymi [R] computed asymptotics of the first, second and third 
moments when q is a power of prime and k is an arbitrary fixed even integer. 

In order to break the convexity barrier, one needs to evaluate the limit 
moment of order 

(1.1) Ko;= li min f4^MM = 4. 

Q loo log q 

At the same time, starting from the Ko-th moment the main term of asymp¬ 
totic formula contains nontrivial non-diagonal contribution. See [M] for de¬ 
tails. 

The moment of order Ko = 4 for prime q, q —» oo was studied by Duke, 
Friccllander & Iwaniec [ DFI] and Kowalski, Michel & Vanderkam |KMV] . 
The main term of the fourth moment splits into diagonal M D , off-diagonal 
M od and off-off-diagonal M OOD parts. Therefore, it requires three different 
stages of analysis. 

Theorem 1.1. ( iKMV'L corollary 1.3) Let q be a prime number and k = 2. 
For all e > 0 

h 

(1.2) ^ L{ 1/2, /) 4 = A(log q) + 0 e {q~ 1/13+e ), 

where R is a polynomial of degree 6 and the leading coefficient is ^2 • 

In this paper, the result of theorem 11.11 is extended as follows. 

• We consider the level of the form q = p u , where p is a fixed prime 
number and v —> 00 . 

• We assume that the weight k > 2 is an arbitrary fixed even integer. 

• We slightly shift each L-function in the product from the critical line 

= 1/2 


h 

M 4 (t,r) = \L(l/2 + ti + iri, /)| 2 |L(l/2 + t 2 + ir 2 , /)| 2 , 

f£H* k {q) 



where t = (t 1 ,t 2 ), r = (r 1 ,r 2 ), t 1 ,t 2 ,r 1 ,r 2 G M and |ti|, \t 2 
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The shifts simplify analysis of the off-off-diagonal term, reveal more 
clearly a combinatorial structure of mean values and allow us to verify ran¬ 
dom matrix theory conjectures including all lower order terms by Conrey, 
Farmer, Keating, Rubinstein and Snaith |CFKRS] . 

We introduce the following notations 


(1.3) 



(1-4) Cj(«) = C(s)(l -V ’)■ 

Conjecture 1.2. (analog of conjectures 4.5.1 and 4.5.2 in !CFKRS I) Let 
q = p u , where p is a fixed prime and v > 3. Let k > 0 be an even integer. 
Up to an error term, we have 


M 4 (t, r) 


\ ' ^tlhl+e2)+t2L3+ e 4)+ ir lhl- £ 2)+ ir 2( e 3-£4) 

q ' 

<a,e2,e3,C4=±l 

eie2£3e4=l 


X 


/T(-t! - iri + k/2)T(-t 1 + ir x + k/2)T(—t 2 - ir 2 + k/ 2)\ 1/2 
V T(ti + ir 1 + k/2)T(t 1 - ir 1 + k/2)T(t 2 + ir 2 + k/2) J 
( T(-t 2 + ir 2 + k/2)Y(e l (t l + in) + k/2)T(e 2 (t 1 - in) + k/2) \ 1/2 
\T(t 2 - ir 2 + k/2)T(-e 1 (t 1 + in) + k/2)T(-e 2 (t 1 - in) + k/2 ) / 
x / F(e 3 (t 2 + * r 2 ) + ^/2)F(e 4 (t 2 — if 2 ) + /c/2) \ ^ 

\r( — £ 3(^2 + * r 2 ) + fc/ 2 )r(-€ 4 (t 2 — ir 2 ) + k/ 2 )) 
x C?(l + ^l( e l + £2) + ^l(^l — e 2))Cg(l + ^(£3 + £4) + if 2(^3 — £4)) 

Cq (2 + tl(Cl + £ 2 ) + ^2(^3 + £ 4 ) + ^l(Cl — ^ 2 ) + 2(^3 — £ 4 )) 

x Cg(l + £i(ti + in) + £3(^2 + ir2))Cg(1 + ei(£i + *n) + £4(^2 - in)) 


x Cg(l + e 2 {ti - ir 1 ) + e 3 (t 2 + ir 2 ))( q ( 1 + e 2 (t 4 - in) + e 4 (t 2 - in))- 


Main Theorem 1.3. Let 6 = 7/64, q = p v , where p is a fixed prime and 
v > 3. Let k > 0 be an even integer. For all e > 0 the fourth moment can 
be decomposed as follows 

M 4 (t, r)=M D + M od + M ood + O e , Ptk (y (q- k -^ + g~ 1/4 )) , 
where the implied constant depends polynomially on r 4 , r 2 . Furthermore, 


(1.5) M d + M uu = 


OD 


<K<?) 


E 

ei,£2=il 


-2ti-2t 2 +2eiti+2e 2 i2 + Rj + ^/2) 


X 


q £i f^ ±1 T(t x + in + k/2) 

r(eRi - ir 4 + fc/2) T(e 2 t 2 + ir 2 + /c/2)r(e 2 t 2 - ir 2 + /c/2) 
r(R - ir x + /c/2) r(t 2 + ir 2 + /c/2)T(t 2 - ir 2 + k/2) 

rL 3 ,e 4 =±l Cq (1 + e Rl + £2^2 + 2£ 3 r 1 + ^ e 4 ' r 2) 


x Cj(l + 2£iti)Cg(l + 2e 2 f 2 )- 


C<? (2 + 2e 4 ti + 2e 2 t 2 ) 
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and 


(1.6) M' 


OOD _ 


0 (g) 


'y ' ^-2t\-‘2t2+2ie\r\+2ie2T2 


ei,£2=il 


r(fc/2 - ti + ieiri)r(/c/2 - t 2 + ie 2 r 2 ) 

T(k/2 + ii — zeiri)r(fc/2 + t 2 — ie 2 r 2 ) 

> n , Q . Wl , 0 . , n e3 ,£4=±i C,(! + e 3 *i + ^2 + iem + *e 2 r 2 ) 

x C,(l + 2i£,rOC,(l + 2« 2 r 2 ) ^ 


Remark 1.4. The condition e\,e 2 , 63,64 = ±1, 616^364 = 1 in conjecture 
11.21 implies that there are eight terms in the sum. The four of them 


(ei, e 2 , e 3 , e 4 ) = (1,1,1,1), (1,1, -1, -1), (-1, -1,1,1), (-1, -1, -1, -1) 
coincide with the summands of fl 1. 5 f) . and the other four 
(ei, e 2 , e 3 , 64) = (-1,1, -1,1), (-1,1,1, -1), (1, -1, -1,1), (1, -1,1, -1) 
with the summands of (il.6[) . 

By letting the shifts tend to zero in theorem 11.31 we obtain the asymp¬ 
totic formula for the fourth moment at the critical point s = 1/2. 

Corollary 1.5. Let 9 = 7 / 64 , q = p u , where p is a fixed prime and v > 3 . 
Let k > 0 be an even integer. For all e > 0 


h 

(1.7) M 4 (0,0) = ^ L{ 1/2, f) 4 

= ^R(logg) + O eAp (y (g-V# + g" 1/4 )) , 


where R is a polynomial of degree 6 and the leading coefficient is 

0 (g) V P 2 1 

q ) p 2 — 1 607T 2 


The paper is organized as follows. In section [2] we remind the reader 
of some definitions and fundamental results. Section [3] provides the ex¬ 
plicit formula for the diagonal, off-diagonal and off-off-diagonal main terms. 
Asymptotics of the diagonal and off-diagonal terms is derived in section 
ED Sections E] and El are devoted to proving the asymptotic formula for the 
off-off-diagonal term. Corollary 11.51 is proved as a limit case at the end of 
sections [I] and El 
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2 Background information 

The purpose of this section is to recall some results on automorphic forms 
and related subjects. 

2.1 Automorphic L-functions 

A holomorphic function / on the Poincare upper-half plane El = {z G 
C, > 0} is called a cusp form of weight k and level q if it satisfies the 
following conditions: 

( 2 . 1 ) f( lz ) = (cz + d) k !(z) 

€ SL( 2,Z) such that c = 0 (mod <y) j-, 

(2.2) (^sz) k / 2 \f(z)\ is bounded on EL 

Let S k (q) be the space of cusp forms of weight k > 2 and level q. It is 
equipped with the Petersson inner product 

(2-3) {f,9)g-= I f(z)g(z)y k 

JF 0 (q) V 

where F 0 (q) is a fundamental domain of the action of T 0 (q) on El. Any 
/ G S k {q) has a Fourier expansion at infinity 

(2.4) f(z) =J2 a f(n)e(nz). 

n> 1 

According to the Atkin-Lehner theory m, the space Sk(q) can be decom¬ 
posed into two subspaces 

(2.5) S k {q)=ST{q)®St d (q). 

The space of old forms contains cusp forms of level q coming from lower 
levels 

( 2 . 6 ) S% ld (q) = span {/ (lz) : lq'\q,q' < q,f(z) G S k (q')} , 

and the space of new forms is the orthogonal compliment to S% ld (q). 

We let H k (q ) denote an orthogonal basis of the space of cusp forms 
S k (q) and H k (q)~ an orthogonal basis of S k ew (q). Elements of H k (q) with 
normalized Fourier coefficients 


for all 7 G T 0 (q) = 


a b 
c d 


(2.7) 


A f(n) := af(n)n 


(fc-l )/2 
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(2.8) Ay(l) = 1 
are called primitive forms. Accordingly, 

(2.9) A f (n) E M, 


(2.1.0) A/(ni)A/(n 2 ) - A/ (-^) • 

d\(m,n.2) 

(d,q)= i 

Let Re(s) > 1. Then for / e H^{q) we define the automorphic L-function 
as 

(2.11) L(s,f) = J2 X f( n )n~ s - 

n> 1 

The completed L-function 

( 2 . 12 ) A(s, r (s + Wl) L(s, /) 

can be analytically continued on the whole complex plane and satisfies the 
functional equation 


(2.13) A(s, /) = e/A(l — s,f), 


where s 6 C and e/ = ±1. We define the harmonic average over the set of 
primitive newforms by 


(2.14) 


E E 




f&H* k (q) 


r(fc-i) 

(4vr) fc - 1 (/, /), 


-*(/)• 


2.2 Kloosterman sums 

Consider the sum 

(2.15) S(m,n,c) — ^ e 

d(mod c) 

(c,d)=1 

where dd = l(mod c), e(z) = exp(2mz). 

The value of S(m,n,c ) is always a real number because 


md + nd 


( 2 . 16 ) 


S(m,n,c ) = S(m,n,c). 
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Further, 

(2.17) S(m, n, c ) = S(n, m, c), 

(2.18) S(ma,n,c) = S(m,na,c) if (a, c) = 1 . 

Another important property is the twisted multiplicity ( |Iwj formula (4.12)). 
Suppose (ci, C 2 ) = 1, C 2 C 2 = l(mod ci), cfcf = l(mod C 2 ). Then 

(2.19) S(m, n, C 1 C 2 ) = S(mc 2 , no 2 , ci)5(mci, ricf, C 2 ). 

Lemma 2.1. /IFei/is bound, I We \j ) One has 

( 2 . 20 ) ^(m, n, c)| < (777,77, c) 1 // 2 c 1 // 2 r(c). 

Lemma 2.2. (Royer, IRof . lemma A.12) Let m,n,c be three strictly posi¬ 
tive integers and p be a prime number. Suppose p 2 \c, p\m and p \ n. Then 
S(m, n,c) — 0. 


2.3 Large sieve inequality 


Theorem 2.3. (Deshouillers, Iwaniec, theorem 9 of | DI[) Let r and s be 
positive coprime integers, C, M, N be positive real numbers and g be real¬ 
valued function of C 6 class (first and second derivatives are continuous for 
each of variables) with support in [M,2M] x [N, 2N] x [C, 20] such that 


( 2 . 21 ) 


Q(j+k+l) 


< M- j N~ k C~ l for 0 <j,k,l< 2. 


Then for any e > 0 and complex sequences a = {a m }, b = {b n } one has 


( 2 . 22 ) 


b n g(m, n, c)S(mr , ±77, sc) <^ e 

(c,r)=1 m n 





Sy/rC \ 

Vmn) 


29 


(sy/7C + VMN + \fsMC)( S y/rC + VMN + VsNC) 
sy/rC+^MN 


Here 

0 = d rs '■= \J max (0,1/4 — Ai) 

and Ai = Ai (rs) is the smallest positive eigenvalue for the Hecke congruence 
subgroup r 0 (rs). Currently the best known bound on Ai is due to Kim and 
Sarnak [IKS]. Accordingly, we can take 6 = 7/64. 
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2.4 Petersson’s trace formula 


The key ingredient of our proof is the Petersson trace formula. It allows 
expressing average of Fourier coefficients of cusp forms in terms of Kloost- 
erman sums weighted by J-Bessel functions. 

Theorem 2.4. (proposition 14-5, JlF^ ) Form,n >1 we have 

h 

(2.23) A q (m,n) := E \f{m)\f(n) 

feH k (q) 

q\c ' / 

If q is a prime number and k < 12, the Petersson trace formula also 
works for moments of L-functions associated to primitive forms because the 
space of old forms is empty. 

When q is composite, one needs to exclude the contribution of old forms. 
Iwaniec, Luo and Sarnak constructed a special basis in order to find an 
analog of Petersson’s trace formula for primitive forms of square-free level. 

Theorem 2.5. (proposition 2.8 of lILSll ) Let q be square-free, ( m,q ) = 1 
and (n, q 2 )\q. Then 


(2.24) A*(m, n) := ^ X f (m)X f (n) 


k~ 1 
12 


E 


fi(L)M 


Y tE^ 


LM=q n p |(„,L)(l+P ') z|i oo 

This result was extended to the case of prime power level by Rouymi. 
Theorem 2.6. (remark 4 of (Bf) Let q = p v , v > 3. Then 

h 

(2.25) A *(m,n):= A /( m ) A /H 


f^HHq) 


A q {m, n ) - A </p( m,n) if ( q> mn ) = 1, 
0 otherwise. 


2.5 Poisson type summation formula connected with 
the Eisenstein-Maass series 


Let 

(2.26) r v (n) = |n|” -1//2 cri_ 2 „(n) = |n| ,,_1 / 2 ^ d 1 ~ 2v . 

d\n,d>0 
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If v = 1/2, then r v (n) reduces to the divisor function r(n). Furthermore, 
r v (n) satisfies the property of multiplicity (see E, page 74) 

(2.27) T v {n)r v (m) = ^ t v • 

d\ ( n,m ) 


Lemma 2.7. (Ramanujan’s identity, fT]/ . page 8) 
Let Ks > 1 + |9fa; - 1/21 + 1- 1/2|. Then 


(2.28) C(2s) 


£ 

n> 1 


r^(u)r M (ra) 

n s 


C(s + u-/i)C(s 


V + p)((s + v + p — 1)((s - v - p + 1). 


If v — p — 1/2, this reduces to 


(2.29) 


r(n) 2 _ ( (s ) 4 

n s C(2s)' 


Consider the Bessel kernels expressed in terms of J and A -Bessel func¬ 
tions 


(2.30) 


k 0 (x,v) := -( J 2v -i(x) - Ji- 2 v(x)), 

2 COS 7TV 


(2.31) ki(x,v) := — smTTvK 2 V -i(x). 

7r 

Theorem 2.8. (theorem 5.2 of fKj, page 89) Let <p be a smooth, compactly 
supported function on M + . Then for every v with = 1/2, (c,d) = 1 , c> 1 
one has 


47r 


(2.32) ™£e(^U(ro)* 


m> 1 


md\ 


A'K y /m\ 

c ) 


2^TIm2v + 1 ) + 2 4AA4(3 - 2v)+ 


(4tt) 


2v 


(4tB 


r„(m) / e ( ——) k 0 (x\/m,v) + e 


m>l 


C / 




ki(xy/m,v ) 4>(x)xdx, 


where ad = 1 (mod c) and <f is the Mellin transform of (j). 
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2.6 Quadratic divisor problem 

Applying formula ( 12.321) , we generalize theorem 1 of |DFI2j as follows. 
Theorem 2.9. Let a,b> 1, (a,b) = 1, h ^ 0, ri,r 2 6 R. Let 
D f (a, b; h) — ^ r i/2+in(m) r i/2+ir 2 (^)/(a"i,6n) 

am^fbn=h 


with 


(2.33) xVfM(x,y) « (1 + + fVQ'V 

Assume that 


(2.34) ab < Q~ 5/ \X + Y)- b/i (XY) l/i+e . 


Then 


Df(a, b■ h) = / g(x, ±x T h)dx + 0(Q 5/4 (X + 7) 1/4 (iy) 1/4+e ), 

Jo 

where the implied constant depends polynomially on r\, r 2 . Here g(x,y ) = 
f(x,y)A a ^ h (x,y) with 


(2.35) Aa tbth (x,y) := ^5(0, h,w) 


\2ie2r2 


W=1 


(ab, w ) (a, w) 2ieiri (b, w ) 

a l+ie\r 1 ^ ) l+it2i'2 W ‘2+2ie 1 r 1 +2ie2r2 

ei,£2=±l 

x £(1 + 2 ieiri)C(l + 2i62 j r2)x ieiri y ie2r2 . 


3 The fourth moment: preliminary steps 

3.1 Approximate functional equation 

Let P r (s) be an even polynomial vanishing at all poles of r(s+ir + fc/2)r(s — 
ir + k/ 2) in the range Jis > — L for some large constant L > 0. For t, r 6 R 
we define 

(3.1) W tT {y) := X f Aflc»(l + 2s) 

2m 1(3) P r (t) 

T(s + ir + k/2)T(s - ir + k/2) _ s 2sds 
x r(t + ir + fc/2)r(t -ir + k/2 ) V s 2 -1 2 ' 


Lemma 3.1. Suppose y > 0, |t| < 1/2. For any C > |t| 
(3.2) W t>r (j/) = O c ,t,r(y ~ C ) as y ->• 00, 
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(3.3) W t>r {y) 


, T(-t + ir + k/2)T(-t - ir + fc/2) 
q ' T(t + ir + k/2)T(t — ir + k/2) 

+ Cj(l + 2 t)y t + Oc,t.,r(y C ) o,s y —> 0. 


The implied constants depend polynomially on r. 


Proof. Asymptotic expansion for the ratio of gamma functions gives 


T(C + ir + k/2)T(C - ir + k/2) 
T (t + ir + k/2)T(t — ir + k/2) 


(|r|) 2 < c -‘>(l + 0(l/|r|)). 


First, without crossing any poles, we can shift the contour of integration to 
!Rs = C with C > \t\. This implies (13.21) . Second, we move the contour of 
integration to 3?s = — C, meeting two simple poles at s = ±t. Therefore, as 
y —* 0, we have (13.31) . 


□ 


Lemma 3.2. Fort,r e M, \t\ < 1/2 we have 

(3.4) \L(l/2 + t + ir,f)\ 2 = {q)~ 2t ^ T 1/2+ir (n)^=-W Ur 

n> 1 V? 


Proof. Consider 


It := — / A(l/2 + s + ir, /)A(l/2 + s - ir, f) 


2ni 


'( 3 ) 


Prjs) 
s — t 


ds. 


Moving the contour of integration to !Rs = —3, we pick up a simple pole at 
s = t. The functional equation (I2.13j) implies that 


It + e fl-t — Res s=t . 


( A(l/2 + s + ir, f) A(l/2 + s - ir, f)^j 

s — t 


= P r (t) A(l/2 + t + ir, f) A(l/2 + t-ir, /). 


Observe that for s > 1/2, the property 12.101 yields 

|L(l/2 + s + ir, f)| 2 = C?(l + 2s) ^ n i/ 2 +s Tl / 2 +^( n )- 

n> 1 


Finally, 


\L(l/2 + t + ir,f)\ 2 = (g) 21 W T 1/2+ir (n)^Pf 

S V" 

1 f P r {s) T(s + ir + k/2)T(s — ir + k/2) f n\~ s 2 sds 

2iri /(g) P r (t) q F(t + ir + k/2)T(t — ir + k/2) \q 2 ) s 2 — t 2 ' 

□ 
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Corollary 3.3. The fourth moment can be written as follows 


(3.5) M 4 (t, r) — (q) 


-2ti-2t 2 


'y ^ T~l/2+iri {jn)'T\/ 2 +ir 2 


,n 


m,n> 1 


1 / TY 1 \ / Tl 

x —W^ ( W t2 , r2 ) A*(m, n). 


yjmn 


3.2 Applying the Petersson trace formula 

Here we apply theorem 12.61 for v > 3. The case v — 2 can be treated 
similarly, but doesn’t seem to be of particular interest since the final goal 
is v — oo. Let 


(3,6) T(c):= c 


H/2+iri (m)Tl/2+ir 2 (^0 


m,n> 1 
(q,mn)=l 


yjnm 


X W tl>ri I — I Hd 


m 


r 




/ 47 Ty/mn\ 




■ 


Using the trace formula fj2.25[) . the fourth moment (j3.5(1 can be written 
as a sum of diagonal and non-diagonal parts. 

Proposition 3.4. The following decomposition takes place 

(3.7) M 4 (t, r) = M° + 
where 

(3.8) M d = 2*i-2ta 

q 


x 


H7 


E h/ 2 +iri(n)h/ 2 +!r 2 ( n ) TJ . / U 

---( ^7 I 

n> 1 
(g,n)=l 


(3.9) = 2tt r fe g- 2tl ' 2t2 ^ 4 r (c), 

5 |c C 


and 

(3.10) y It(c). 

V c 2 


Remark 3.5. For any e > 0 we have AL^ <C e)7 . ^pg e . The asymptotics of 
this term will be evaluated in section 14.21 
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3.3 Smooth partition of unity and restriction of sum¬ 
mations 

Assume that Fx(x) is a compactly supported function in [X/2,ZX\ such 
that for any integral j > 0 

(3.11) x j F ( J\x) <^j 1. 

We make a smooth dyadic partition of unity (see Appendix A of | RR ] for 
details). Accordingly, 



where the sums on M, N are over powers of 2 and 

(3.12) F MiN (m,n ) := f M ,ti,ri{ m )f N ,ta,n(ri), 

(3.13) fxpr(x) := ~^=W t , r (j^j F x (x). 

The term (13.61) can be written as 

(3.14) T(c) — T M,iv(c), 

M,N> 1 


(3.15) Tjvf jv(c) c ^ ^ ri/2+in ( m ) T i/2+ir 2 ( n ) 


m,n 

( q,mn)=l 


^T 7 / \ T f 47Tv / mn\ 

xi(m,n,c)%(m,n)4_i I --- 1 


Lemma 3.6. For any a > |t|, 

(3.16) 
and 

(3.17) 


1 f x \ 

x'—fxtA*) ATw) lfX ^ q 


1 +e 


d i x" 

Proof. If A" S> q 1+t we use (13.2p to get 

x 


- 1*1 


F-^r-fxMx) <t,r ^ ) i f X < 9 


1+e 


• 9* 
o l x 

If A - <C g 1+e we use (13.31) to get 


T 




a.t.r 


X 


x 'gq W « 1 - ) «*+ ( 77 


x 


-1*1 


Finally, estimate (13.lip and Leibniz’s rule yield the result. 


□ 
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Proposition 3.7. For any e > 0, any A > 0 and l = 0,1 


(3.18) 


1 


-^ T M,n(c) < e , A r 


q 


-A 


max (M,N)^$>q 1 ^~ e -^-|c 

Proof. Since max (M, N ) q 1+e , there are three cases to consider: 

• M > q 1+e , N -C g 1+e ; 

• M < g 1+e , N > g 1+e ; 

• M > g 1+e , IV > g 1+e . 

We prove only the first case: 

_ _ ^ ^ ^ 

5Z^ Tm ^( C )= ' r V2+inM T l/2+ir 2 (™) 


M»g 1+e 4-|e 
V<g 1+e P 


M»g 1+£ , c > m > n 

Ar « 1+e (g,mn)=l 

7 |c 


X 


S(m,n,c) , /4v Ty/rfm\ 

--- F M ,N{m,n)J k _i I --- I . 


The sum over c can be decomposed into two cases 

E S(m,n,c ) /47 T^/rrm\ S(m,n,c ) 

-7- Jfc - 1 ■ 


<?/p ! |e 


y c j z —' c 

c<\Jmn 
+ 1 


Jk— 1 


47Ty / mn 


<?/p k 


E S(m,n,c ) / ATTy/mn\ 

—“— 


c->y/mn 

q/p l \c 


By (1A.4I) and (12.20ft for any 5 > 0 we have 


£ <<; (mn)3/ 4 + , 


?/p‘l c 

We apply lemma [3761 with i — j — 0: 


1 


— T M ,n(c ) <^ai,r (MN) 


“i / fl \ 1^21 


1/4+5 f_9\ ai M 

Af/ ViV 


Taking «! sufficiently large, we obtain that for any e > 0, any A > 0 and 

1 = 0,1 


^ 1,n(c) <^e,A,r q A - 


M>q 1+e 4-|c 
V<q 1+e P 


□ 
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Corollary 3.8. The range of summation in fl3.14p can be restricted to 
M, N <C q 1+£ . 


Finally, we restrict the range of summation on c via large sieve inequality. 


Lemma 3.9. Let Z = 0,1. Assume that M, N -C q 1+e . For any C > \/MN 
we have 


(3.19) 


^ — T M ,n(c ) <^ e ,r 


c>C 


(?JVmnV- 1 - 26 

W UJ q { c ) 


/ 1 /9 1-40 9-80 \ 

Remark 3.10. Taking C = min lq 2 - 2 eM 1/z N»-se,qs-^ I the error term 

fc- 1-20 _ 

is bounded by q s ~ se . See the proof of lemma 15.31 for the explanation of 
this choice. 


Proof. We are going to apply theorem 12.31 In order to do so, we make a 
dyadic partition of the interval [C, oo) and assume that c G [C, 2C]. By 
definition 


Y 4 r M,iv(c) = Y Y r i/ 2 +»r! {m)T 1/2+ ir 2 (n)^S(m, n, c) 


T-k 

p 1 


n,m q | 
7Tl c 


(q,nm )=1 p 


/ 47 Ty/mn\ p 

x Jfc-i I --- I F M , N {m,n) = — 2^ 

V C / 9 n.ni 

(q,nm )=1 

x —S/m, w, Cig/p ; ) J fc _i f 1/1X ^ F M N (m,n). 

yy ci V c x g y 

Here m G [M/2, 3M], n G [-/V/2, 3iV] and Ci G [Ci,2Ci] with C/ := Cp l /q. 
Let 


X := | — 
M 


As a test function we choose 


2 \ -1*11 / ~2\ 


It) VAFNCi 


f Vmn\ 


-k -\-1 


X (4n^/ffmp l \ 

g{m, n, ci) := —F MN (m,n)J k _ i - . 

V cig y 


Cl 


It satisfies condition (12.21)1 . and theorem 12.31 can be applied with r = 1 and 
s = q/p l . Hence 

wH /, „ (e\ M ,(vmn\ 


k—l—26 
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3.4 Removing the coprimality condition 

In order to apply theorem 12.81 we have to exclude the coprimality condition 
in Tm,n{c). This can be done using the criterion of vanishing of classical 
Kloosterman sum given by lemma 12.21 Let 

(3.20) f(m,n,c ) := F M<N (m,n)J k - 1 

Proposition 3.11. Let m,n,c be three strictly positive integers and p be a 
prime number. Suppose p 2 \c. Then 

X T l/2+ir 1 ( m ) T l/2+ir 2 ( n)S(m, n, c)/(m, n, c) = 

(q,mn )=1 

XI n/*Hn(rn)T 1/2+ira ( n)S(m , 77, c) f ( 777 , 77 , c) 

m,n>l 

- Ti/ 2 +ir 2 (p) X T V2+*n (777)ri /2+ i r2 (n)S(m, np, c)/(t77 , 77p, c) 
m,n>l 

+ X r i/2 +ir 1 (m)r 1/2+ir2 (■ n)S[m , np 2 , c)f(m, np 2 , c ). 

m,n>l 

Proof. Recall that q = p u . Therefore, 

E =E = E-E = E-E- E - 

(g,mn)=l pfmn m,n p|mn m,n p|n p|m,pfn 

The sum 


(■ n)S(m , 77 , c)f(m, 77 , c) = 0 

plrajpfn 

since the Kloosterman sum vanishes by lemma 12.21 Further, 
X T V2+ir 1 Mn/2+ir a ( n)S(m, 77, c)/ (777,77, c) 

p|n 

= X Tl / 2 +^l( m ) Tl /2+ir 2 ( np)S{m , np, c)f(m, np, c ). 

n 

The identity (12.271) implies that 

Tl/ 2 + 7 r 2 (np) = T 1/2+ir2 (p)T 1/2+ir2 (n) - T 1/2+ir2 if (p, n) = p, 

T 1/2+ ir 2 ( np) = T 1/2+ir2 (p)T 1/2+ir2 (n) if (p, 77) = 1. 


This yields the result. 


□ 
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3.5 Applying the Poisson-type summation formula 

By proposition 13.111 the term (13. 15ft can be decomposed as follows 

(3.21) T m ,n(c ) = TS(c, 0) - ti / 2 + ir 2 (p)TS(c, 1) + TS(c, 2 ), 
where 

(3.22) TS(c,B) = c ^ n/2+ir 1 (rn)T 1 / 2 + ir 2 (n)S(m,np B ,c)f(m,np B ,c) 

m,n> 1 

with B — 0,1, 2 and f(m, n, c) is defined by (13.2011 . 

Proposition 3.12. One has 

(3.23) TS{c , 5) = TS*(c, B) + TS + {c , 5) + TS“(c, 5), 
where 

(3.24) TS*(c, B) = y r 1/2+i „( n )S(0,np fl ,c) [G^np 8 ) + Gl ri (np fl )] , 

n>l 


(3.25) TS' T (c,S)= ^ Ti/ 2 + i n (m)Ti/ 2+ i r2 (n) 



m,n>l 

The functions G*, G r , Gf are 

(3.26) 

<%) - c(1 /f r) 

(3.27) 

G r ( z,y ) = 2vr J k 0 ^ 


x 5/0, np B =F m, c)Gf (m, n/rj. 


7,k— i 


47Ty^\ 


F MtN (x,y)x zr dx, 


ir 


x J fc _i F MtN (x, y)dx, 


(3.28) Gf(z,y) = 2 tt h 


/ 47ry5cZ 

V c 


,1/2 +ir 


/ 47rw7q/\ 

X Jfc_i I — ^ — 1 F m ,n{x , 7/)Gte. 
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Proof. The function / is smooth, compactly supported, and thus satisfies all 
conditions of theorem 12.81 Applying the summation formula with (p(x) := 
f(^x 2 ,np B ,c), we obtain 


Y e (“) r i/2 +in{m)f(m, np B , c) 
m>l ' ' 


C (1 + 2iri 

^l+2zri 

2vr 
c 


/(x, np s , c)x iri dx + 


C(i - 2 in ) 


f(x,np B ,c)x iri dx 


2iri 


^ ^ Tl/2+iri (^) 


m>l 


jnd\ , /4tt 


2tt 

c 


r c 

'^h/aunH / 

m>l 


fco ^—Vx™, 1/2 + iri ) /(x, 7ip ,c)dx 


e ( — ^ h ^— \/xm, 1/2 + iri ) f(x,np B ,c)dx. 


Plugging this in (13. 22ft yields the assertion. 


□ 


The next lemma shows that TS*(c ) term contributes to the fourth mo¬ 
ment as an error. 


Lemma 3.13. Let l — 0,1. The7i 
(3.29) 


X X c- 2 TS'(c,B)^, <r q 

41 c M,N<q 1 + e 


-1+e 


Proof. We use lemma 13.61 to estimate F MiN (m,n). The J-Bessel function 
can be trivially bounded by 1. Then 

G* r (np B )c r reV' 2 ' (y) J - 


M J \N 


Since S(0,np B ,c) -C (np B ,c), we have 


TS*(c,B ) < r ( MN) 1/2 q e 


(£\ m 

m) vivy 


Therefore, 




-1+e 


41 c M,N<q 1+e 

pi 


□ 


The last two summands require more detailed treatment. We rewrite the 
sums TS ± in the form that is more convenient for later computations 

TS~(c,B ) = Y T T V2+i ri (m)ri/ 2 +tr 2 (n)S( 0 , np B - m, c)G“ (m, np B ) 

m> 1 n >1 

= 0(c) Y Ti/2+ir 1 {np B ) r i/2+ir2( n )G ri (np B ,np B ) + Y,S(P, h, c)T h (c, B) 
ri> 1 
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and 

TS + (c-,B) = Y y ri /z+in (m)Ti/ 2 +i n (n)S( 0, np B + m, c)G+ (m, np B ) 

m>1n>1 

= ^S(0,ft,c)T+(c,B), 

h^O 

where 

(3.30) T*(c,B) = T l / 2 +irA m )Ti/ 2 +ir 2 {n)G^ l (m,p B n). 

m^fnp B =h 

At this point, the non-diagonal term splits into off-diagonal (corresponds to 
h = 0) and off-off-diagonal (h ^ 0) parts. 

Theorem 3.14. One has 

(3.31) M od = M od ( 0) - t i/2+ir 2 ip)M OD (1) + M od ( 2), 

(3.32) M ood = M ood ( 0) - T\ /2+*r 2 ip)M OOD (1) + M ood ( 2). 

For B = 0,1,2 

M od (B) = 2ni~ h (y y Ti/ 2 +in ( np B )T 1/2+ir2 (ra)G“ [np B , np B ) 

c<<C M,7V<< 9 1+^ 

_ 1 ^ ^ Ti/ 2 +in (np B )r 1/2+ir . 2 (n)G“ (np s , np B )^ , 

P l\ r C n J 

p' M,7V<ij 1+e 


/ 


M ood (B ) = 2vrr fc 


E E s (°-' i - c )( r ^( c '- s ) +T * + ( c ' B )) 

g|c M,A r <C(j 1+£ ^ 7^0 
\c<C 


\ 

~E? E E s ( 0 ' ,! ' c )wr(c.B)+r+(c,B)) 

” S|c M,iV‘Cq 1 + 6 /i^0 

c<C / 


h/ere T±(c,B) is given by (I3.30p and Gf(z,y) by (I3.27p . f!3.28p . 
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4 Asymptotic evaluation of the diagonal and 
off-diagonal terms 

The main result of this section is the asymptotic formula for the diagonal 
and off-diagonal terms. 


Theorem 4.1. Up to a negligible error term, we have 


(4.1) M d + M od = ^- 

q 


E 

ei,«a=±l 


~-2t 1 -2t2+2e 1 t 1 +2e 2 t2 + ^1 + k/2) 

i €1 e2= ±i r (ti + iri + k/2) 

T(eiti - iri + k/2) V(e 2 t 2 + ir 2 + k/2)T(e 2 t 2 - ir 2 + k/2) 

T(ti - iri + k/2) T(t 2 + ir 2 + k/2)T(t 2 - ir 2 + k/2) 

- d M i <w y M | o r n n e3 ,6 4 =±i + e i^i + e 2 t 2 + ie 3 n + ie 4 r 2 ) 

X «1 + 2e!ti)C,(l + 2eA) , (2 + &A + 2e A ) 


4.1 Extension of summations 

First, we reintroduce the summation over c > C and max (M, N) 3> q 1+e 
for the off-diagonal term at the cost of admissible error. 


Proposition 4.2. For any e > 0 


(4-2) 55 55 5 ^r 1/2+i r 1 (np B )Ti/ 2+ir2 (n)G ri (np B ,np B ) 

^|c max (M,7V)<<j 1+e n 
c>C 

<e,r 9 8 - 8 « • 


Proof. Let 


Consider 


Vc(c) 


0 if c > C 
1 if c<C. 


Ti:= Y1 55 55 O/ 2 +ir, (np B )Ti /2+ir2 (n)G ri (■ np B , np B ) 

X\c max (M,N)<^q 1 + e n 

p 

c>C 

= 55 55 r i/ 2 +ir 1 (' np B ) 7i /2+ir2 (n) k 0 (Airy/xnp B , 1/2 + ir^j 

max (M,N)-^q 1 + e n ^ 

x 27rJ fc _i ^47 r\/xnp B ) Ed - ? ] C (c))(j)(c)FM,N(xc 2 , np B )dx. 
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We use lemma [3761 to bound F MjN (xc 2 ,np B ), formula (1A.4D to bound the 
Bessel function Jk-i ( 47 t \Jxnp B ) and trivial estimate for the Bessel kernel 


k 0 (in \/xnp B , 1/2 + ir^J <C 1. 


Then 


Ti «,,r q' E 


E 


r 2 M/C 2 


a-iM. 


M,NCq 1+e n~V 1 


(\/xn) k l —dx<^ er q e 8 - 
qx 


□ 


Proposition 4.3. For any e > 0, any A > 0 and l = 0,1 

(4-3) ^2 ^2 T i/2+ir 1 (np B )T 1/2+ir2 (n)G- l (np B ,np B ) 

^\c max (M,iV)»g 1+e n 

A,r 0. 


Proof. The statement can be proved analogously to proposition 13.71 □ 


Now it is possible to combine all functions Fm into F and replace 
J2m,n F m,n by 

(4-4) Hx,y) := (E) Wb „ (Fj F(x)F(y), 

where F(x) is a smooth function, compactly supported in [1/2, oo) such 
that F(x) = 1 for x > 1. 

Proposition 4.4. Up to the error term 0 Vte (q e ~ k ^ 2 ), the product F(x)F(y) 
can be replaced by 1 in (14.4[) . 

Proof. Consider 


To : = 




+ ir i 


q\c 


X Jk —1 


47 t a/ xnp B 




xnp 


B Wtl ’ ri \ n2 


1 B \ 


X ' W t2 , r2 ( ) (1 - F(x))dx. 


We estimate the kernel ka 


477-^/; 


xnp £ 


following bound for the J-Bessel function 

/ Tk\J xnp B 


,1/2 + ir! ) trivially by 1 and apply the 


d k ] I 




fc-1 
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If n < q, the function W t2 , r2 can be estimated using (13.31) . Otherwise we 
apply (13.21) . This gives 

T 2 q e ~ k / 2 . 


□ 


4.2 Asymptotics of diagonal and off-diagonal terms 

The off-diagonal term can be written as 


rOD f m _ --2ii-2t 2 T l/2+ir 1 { n P ) T l/2+ir 2 { n ) 


np 


,B 


M UU [B ) = q~ 2t '~ 2t * Y, 

n 

for B = 0,1,2 with 

BOO 

Z{u) := 2ni~ k / k 0 (z, 1/2 + in)J k -i(z) 


W, 


t2,V2 


np 


B 


Z{np 


B\ 


x 


EwW. 


q\c 


Z 2 C 2 


-1 E 


(47r) 2 g 2 w/ p ^ c 

p\ c 


z 2 c 2 


(47T ) 2 g 2 w 


dz. 


2 2 

Note that we made the change of variables x = hi the integral. Ap¬ 

plying (13.ip . we have 

BOO 

Z(u ) = 2m~ k / k 0 (z, 1/2 + iri) J fe _i(z) 

Jo 

T(s + iri + k/2)T(s — iri + k/2) 


x 


1 

2ni 


'(3) 


P r (s) 


T(ti + iri + fc/2)T(ti — iri + &/2) 


X Cg(l + 2s) 


(47r) 2 g 2 u 


x 


\ ^ 0(0) _ 1 \ ^ 0(c) 

r l+2s , n 


g|c 


P T~ C 

fl C 


l+2s 


2sds 
s 2 -1 2 


dz. 


The term in the brackets can be simplified 

0(c) ly 0(c) _ 0(g) 1-p 2 ^ 1 C q {2s) 


/ r l-\~2s ir~\ / ^ 


q\c 


p ^ C 1+2s g 1+2s 1 — p~ 2s 0(2 S + 1) ' 

fk 

Lemma IA.3I implies that 

BOO 

/ k 0 (z, 1/2 + iri)J k -i{z)z~ 2s dz = 


T(2s) 


x 


2 2s+1 cos (7 t( 1/2 +iri)) 
T(iri + k/2 — s ) 


T (—iri + k/2 + s)T(iri + k/2 + s)T(iri — k/2 + s + 1) 

T (—ir\ + k/2 — s) 

T(—iri + k/2 + s)T(iri + k/2 + s)T(—iri — k/2 + s + 1) 
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By duplication and reflection formulas 


i k T(s)T(s + 1/2) 


M*-, 1/2 + inV,-,(z)z- ■dz = - 22 ^ 3/2 3ill( „. ri) 


X 


T(iri + k/2 — s)r(-iri + k/2 — s) r . 


T(zri + k/ 2 + s)r(-in + k/2 + s) 
Observe that 

r(i/ 2 -s)r(i /2 + s) 


[sin 7r(— s — iri) — sin 7r(—s + iT , 1 )]. 


27rsin (7r«ri) 
Consequently, 


[sin (vr(—s — iri)) — sin ( 7 r(—s + iri))] = —1. 


7/ 1 = / P (.) r (~ g + + fe/ 2 ) r (-g ~ ^1 + fe/ 2 ) 

g 27 tz j( 3 ) r S r(ti + in + fc/2)r(ti - in + /c/2) 

u \ 6 2sds 


x 


C 9 (1 2s) ( 


s 2 -tY 


Shifting the contour of integration to 9?(s) = —3, we cross poles at s = ±t\. 
Hence 

\ 0(9) r(eHi+iri +/c/2)r(eHi-zri + fc/2) 

7(n) = — 2^ 


q T{t 1 +ir 1 + k/2)T(t 1 —ir 1 + k/2) 


x £ 9 (1 + 2eiH) 


■u 


r 


—eiti 


0 (g) 1 f 

g 2 t ri 7(3) 


^r(a) 


2sds 


T(g + in + fc/2)r(s - in + fc/2) , 

r(H + in + k/2)T(ti — iri + k/2y q \Q 2 J s 2 — t 2 ' 


Substitution of Z(np B ) into M OD (B ) gives 
M OD (B) = < tiSlq~ 2t i - 2t 2 ' r l/ 2 +i r 1 (np B ) T l/ 2 +ir 2 ( n ) 


np 


,B 




x -W t 


np 


B 


1 9 2 


E 

£ 1=±1 


r(eHi + iri + fc/2)r(e 1 t 1 - iri + k/ 2) 
r(H + iri + fc/2)r(ti — ir x + k/2 ) 


x Cq(l + 2eiii) ^ 


up 


B\ - £ i f i 


Property of multiplicity (12 ,27j) implies that 
Y B/ 2 +ir 2 (n) f(n) = Y 0 / 2 +ir 2 (n) / (n) 


n>l 

(n,p)=l 


n>l 


- Tl/2+7r 2 (p) T l/ 2 +ir 2 (^)/(np) + 0 / 2 +^ (n)/(np 2 ). 


n>l 


77.> 1 
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Thus, 


(4.5) M d + M od 


0M ~-2ti-2t 2 

q q 


E 

(n,p)=l 


r l/2+»n ( rj -)' r l/2+ir 2 (M 



( [Mi + M + fc/2)T(eiti - in + fc/2) ^ , 

l Vci ^ i r(ti + in + fc/2)r(t! - in + fc/2) ^ : ' lj 



Ramanujan’s identity (12.28p yields 

U/2+iri(M T l/2+ir 2 M) _ rL 3 ,e 4 =±l 

(n,p)=l 


n 


l+€ltl +S 


C g (l + <uU + s + Mn + ze 4 r 2 ) 
Cj(2 + 2eRi + 2s) 


Therefore, 


M d + M od = ^ V r ( £ i t i + Ml + fc / 2 ) r ( £ i t i ~ M + k / 2 ) 
g ei M^ 1 T(fi + irq + /c/2)T(ti - ir x + fc/2) 

x 2 - [ + 2 S )C,(1 + 2 £ltl ) 

2tT* ,/sRs=3 MM) 

T(s + ir 2 + fc/2)T(s — ir 2 + fc/2) 

T(f 2 + ir 2 + fc/2)T(f 2 - ir 2 + fc/2) 

rie 3 ,e 4 =±l Cq(l + e Rl + s + M r l + M' r 2 ) 2sds 
Cj( 2 + 2eifi + 2s) s 2 — f 2 

Shifting the contour of integration to 3fts = —1/2, the resulting integral is 
bounded by q e_1 / 2 plus the contribution of simple poles at s = ±f 2 . Up to 
an error term, 


r D , n jOD _ 0M ~-2ti-2t 2 +2eifi+2<s 2 nM( e lU ^ Tl + ^M) 


M + M uu = 


q 


E 


q 


T (ti + ir 1 + fc/2) 


x 


ei,e 2 =±l 

T(eiti - iri + fc/2) T(e 2 f 2 + ir 2 + fc/2)T(e 2 f 2 - zr 2 + fc/2) 

T(ti - irq + fc/2) T(f 2 + fr 2 + fc/2)T(f 2 - ir 2 + fc/2) 

rie3,e4=±l Cq(l + e lU + Oh + M'Rl + M r 2) 


X C,(l + 2 M 1 )C,(l + 2 t 2 t 2 y 4(2 + 2ti(i + 2£2fe) 

By letting shifts tend to zero in (14.5(1 . we find 


(4.6) 


M d + M uu = 


OD 


0(g) 

q 


E 

(n,p )=1 


r(u) s 


n 


n 


W 0 , 0 (-)log . 


q 


q 


n 


The equality (12.29(1 gives 


+ AT^ = — 

2m 


OD 


0(g) 


/• M(s)T(fc/2 + s)M /1 , 0 „ 2 . C g (l + a) 4 

/( 3) M(o) T(fc/2) 2 ^ + S)q C<j(2 + 2s) 


X 


c c 

logg 2 + 4-0(1 + s) - 2-0(2 + 2s) 

8q Cq 


2ds 

S 
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Shifting the contour of integration to Jhs = —1/2, the resulting integral is 
bounded by g -1 / 2 plus the contribution of multiple poles at s = 0. Calcula¬ 
tion of the residue 


</>(<?) 


1 p ff, • 4 

Res s=0 -it log q - 


q J C?( 2 ) 

shows that the main term is 

'0(g) V p 2 (log g) 6 


q J p 2 — 1 607T 2 


5 Off-off-diagonal term: double integral rep¬ 
resentation 


In this section, we will show that the off-off-diagonal main term can be 
written as a double integral. 


Theorem 5.1. Up to a negligible error, we have 
(5.1) M ood 


0(g) ^ C?(l + 2i€ir 1 )C ? (l + 2ie 2 r 2 ) q —2£i —2*2 


q C?(2 + 2ie 1 r 1 + 2 ie 2 r 2 ) 


~—2ieir\+2ie2T2 

X q /n _-\2 


£ 1 ,£ 2=±1 ^ 

1 


f f j ( \ 2sd,s 2 tdt 

TofrjX2 I I £1,£2 ( S ) C 2 _ +2 J.2 _ /2 ’ 

g»i=fc/2+0.7 </5fts=fc/2-0.4 s r l 1 r 2 


where 


(5.2) / ei>ea (s, t) = ^‘ , |p'?!\ Cq(l + t + s + ie in + ie 2 r 2 ) 

r ^t 2 J 

xC <? (l+t-s+zeiri+ie 2 r 2 )C g (l-t + s+zeiri-l-ie 2 r 2 )C g (l-t-s-l-ieiri+ie 2 r 2 ) 
r(fc/2 + s + ieiri)r(fc/2 + t + ie 2 r 2 ) T(/c/2 - s + ieiri)r(/c/2 - t + ie 2 r 2 ) 
r(fc/2 + ti + iri)r(/c/2 + ti - iri) T(/c/2 + t 2 + ir 2 )T(fc/2 + t 2 — ir 2 ) 

5.1 Estimation of 

The expression 

(c, 5) = r 1/2+iri (m)T 1 / 2 +i r 2 ( n)G ± (m, p B n ) 

md=np s =/i 

can be evaluated using theorem 12.91 To this end, we show that the functions 
Gf v defined by (I3.27P and (13.281) . satisfy condition (j2,33jl . 

Let Q := 1 + Z := Y := N. 
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Lemma 5.2. For all positive ri\ and ri 2 


(5.3) 


7 1 

z J y 


d j d l 
dzi dy i 


Gt( z ,y) < (1 + 



(1 + y)-" 2 


M'/* 
N 1 / 2 


x 


VMN ^j ' Q j+i _ k+1 / 2 


Proof. Consider 


G ri (z,y) = 2n h 
Jo 

x F m ,n(x, y)dx = 


/ Att^/xz 

V c 

7r / 


, 1/2 + in Jk- 


( 4 n^/xy\ 


sm7r?ri J o 


/ dTr^/iiA / 47 Ta/xI\ 

j2iri V c J ’ " 2%ri V c / 


/ 47r v /iin/\ 

x J fc _i I —-— 1 F M>N (x, y)dx. 


Suppose that z > Z. Let u : = Then 


G r Az,y) = 


87rz sin 7ri7T J Q 


U* (4) J—2inij^)'\ 


X Jk -1 [ U\/~ I Fm,n{ -^Q^2~ 


,y)du. 


It is sufficient to estimate 
„2 


Gi(z,7/) : = 


87rz sin Mri 7 0 


nJ2ir\ (w) <4_1 ( C a / 


1 


c 2 w 2 


xFm ’ w list’d*' 

Note that Fm,n{x, y) is compactly supported on [M/2, 3M] x [1V/2, 31V]. Let 

/(«) : = 5 , l(w)5 , 2(M)M _2 * n 

with 

0i0) : = '4-1 and 0a(u) := F M;7 v f i 6 ^2 z ’ */) • 

The recurrent relation (1A.1I) implies that 

2 poo 

G ' iZ ’ y) = " tosher, 1 (“ Jl+2 " ( ")) 7( “ )ci “' 

Integration by parts gives 

2 /*oo 


Gi(z,y) = 


8nz sin nin J 0 


U 1+2 J\+2ir\ (w) f ( U)du 


87T£ sin Mri ,/ 0 


M 2+2 * n 4 + 2*ri(M)(-/ , (M))'dM. 

u 
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Repeating the procedure n times, we have 


Gi(z,y) = (-1) 


n+1 


where 


87 tz sin -Kir 1 J 0 


u n+2iri J n+2iri (u)h n (u)du = 


- 1 ) 


n +1 


87 tz sin 7 T ir\ J u -. Vm » u n ~ 1 ~ 2ir 1 


J n+2 iri (u) u 2n-l hMd ^ 


h 0 (u) = f(u), 
hiiu) = f(u ), 

h n (u) = (w^ 1 /r n _i(M)) / for n > 2 . 
By induction for n > 1 


u 2n 1 h n (u) = y ^c(i,n)f {l \u)u l 


i =0 


with 


/ W («K« V (9i U) W« i )(si' ) (ti)«')u Jiri 

j-M+m=z 


j+m<i 


Faa di Bruno’s formula and the estimate (IA.4[) give 


(*- («vf))=(\/!“) (“ 7 ! 


(VfF 1 a+-y ?) 2 


•c 


(l+Uy?*-!/ 2 

Applying Faa di Bruno’s formula to the second function, we obtain 


“ 92 (u) -“ &FJ^ Fm - n {TE^’ y 

\ - (7 — j — m 


Qi—j—m / „2 ni 2 


C U 




x F 


mi!m2!(2!) m2 

(mi,m2) 

mi-\-2m2=i—j—m 

(mi+m2) / \ \ mi / 2c 2 r- 

^ ,iV \167 t 2 ^’ y \l67r 2 ,?: y \l67r 2 ^y 
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Lemma 13.61 implies 


u 


i-j-m gtt-j-m) \ 


u ) < 


£ 


f C 2 


7711 +27712 =i—j — m 


16n 2 z 


u 


mi+m2 


x F "'" +m) (^y )« 

And for the J-Bessel function we use the trivial bound J n+2iri {u) <C 1. Then 


for every integer n > 0. The same bound is valid for G“(z,2/). So, if z > Z, 
the value of G^z^y) is small. 

Suppose z < Z. One can estimate (z,y) directly (without integration 
by parts) 


M 1 ' 2 

G n(h ?/)«^Tfl 


Since y G [N/2, 3iV], we can add a multiple (1 + y)~ n2 . 

Combining two estimates for G'“ (z, y ) in one, we have that for all positive 
iii and n 2 


G-( Z ,»)«(l + |)-“‘(l + |:)-" 1 


M 1 / 2 

N 1 / 2 




Analogously, using relation (1A.3|1 and bound for the Ji-Bessel function 
(1A.6|) . we may estimate G^(z,y). Finally, differentiating Gf^z^y) in z vari¬ 
able j times and in y variable i times, we find 


z J y 


‘Lw G ' (z ’ y)<<( 1 + + 


n 2 


M 1 ! 2 

N 1 / 2 


Q j+i _ k+1 / 2 


for all positive n\ and n 2 . An extra multiple of Q* +J is obtained by differ¬ 
entiating the Bessel functions under the integral. Indeed, by Faa di Bruno’s 
formula 


dz? 


4n («V^) = y 


J 

mi, m 2 ,..., Tfij 


x j: 


(mi+m2+...+mj) 


2ir\ 


ay/z) ■ n 


3 / _ .1/2—n N 


n=l 




n! 
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where 


a := 


47 t^/x 


and the sum is over all j-tuples (mi, m 2 ,..., rrij) such that 1 • mi + 2 • m 2 + 
... j ■ rrij = j. Formula (1A.9D gives 

t=0 ^ ' 


When z > Z , the maximum of J 2 in{ a \/z) is attained when mi + m 2 + 
... + rrij = j. Therefore, 


, &> 


dzJ 


This gives an extra multiple 


j * ^ 2 7 r 1 («\/i) < (av ^) 3 ^ A 




[oiyfz). 


t =0 


fMz 


and 


G (z,y) < 


Qc \ n ~ j • M 1/2 (VMN 




Q 


AT /2 


)' 


Q 


-k+ 1/2 


for every integer n > 0. 
In the similar manner 

d l 


yl -Q- [Jk- 1 (<Xy/jj) F m ,n( x i y)\ « ya ( J k-i(oty/y)) {a) y l a F M ^ N (x, y ) ( * a) 
gives an extra factor of Q l . □ 


a=0 


5.2 Applying theorem 12.9 


According to the formula fj3.32f) . the off-off-diagonal term is equal to 
(5.4) M ood = M ood ( 0) - ri /2+ir2 (p)M OOD (l) + M OOD { 2), 
where for B — 0,1,2 

( 


M ood {B ) = 


2,7ii 


-k 


Q 


2ii+2 t 2 


1 


E E 72 E s (°- h • <o wrfo B )+ T t(c. b)) 

\ 


M,N<^q 1+€ q\c h^=0 
c<C 


^ M,iV< ? l+e «|c h^O 
c<C 


Since k is even, i k = i k 
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Lemma 5.3. Up to the error 

Or,e (V ( q~**** + g" 1/4 ' 

we have 

poo 

(5.5) Tjf(c,B) = ± 5 h±pBy>0 Gf l (h±p B y,p B y)A(h±p B y,p B y)dy 

■Jo 

with 

(p B , w) 1+2ie 2V2 


(5.6) A(h±p B y,p B y) := J^5(0, h,w) 


M!=l 


ei,£2=±l 


w 


2+2ieiri+2iezr2 


x C(1 + 2ieiri)C(l + 2ie 2 r 2 )(h ± p B y) ieiri y le2r2 . 

Proof. We apply theorem 12.91 to the function Tjf(c, B ) and let x = h±p B y. 
Then 

poo 

T h( c > B ) = ± / $h±pBy > oGf 1 (h±p B y : p B y)A(h±p B y : p B y)dy + O(ET), 
Jo 


where 


A(h±p B y lP B y) :=^2S(0,h lW ) 


B . .\l+2ie2T2 


{p B , W 


2+2ie\r\+2ie2T2 


W 


w= 1 ei,£ 2 =±l 

x C(1 + 2ie 1 r 1 )C(l + 2 ie 2 r 2 )(h ± p B y)^ y ^ 


and the error term is 


ET : = 


M 1 / 2 ( VMN ' 

AT/2 


( 


k -1 


g-fc+ 1 /2g5/ 4 ( Z + N f P ( Z N) 11 A+e . 


Since Z = Q 2 jj > N, 

ET < M l/2 N l/i 




k—2 


Q 


—fc+ll /4 


Note that Tj^(c) is small when \h\ Zq 6 because G* is small when z 

Zq e . This allows us to add ^1 + into the error term ET. Multiplying 

by 5(0, h, c ) and summing over h, we have 


ET X := ^5(0,/i,c) [l + Y I ET 


h^O 


\h\ 


-2 


< cr 


JV‘/ 4 / vOWy T 2 Q-k+2+11/4 


MU 2 




V 
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Finally, we sum over c. If k — 2 


IV 1 / 4 




c<C 

q\c 


c<C 

q\c 


1 + 


(^) 


11/4' 


<C q ( 


( N 1 / 4 C jV 13 / 8 M 7 / 8 \ 


I M 1 / 2 


+ 


q g 11 / 4 ) ' 

The optimal value of C can be found by making equal the first summand 
and the error term in lemma 13.91 

iv 1 / 4 c f Vmn\ 1-20 
M 1 / 2 ~q ~ ^ C J 

/ 1 /Q 1-40 9-80 \ 

Thus, C := min ( g 2 - 2e M , g 8 - 8 » j and 

J2 J2 c ~ 2et i < q e (q~^ + q~ l/A )■ 


M,iV<<j 1 + e c<C 
q\c 


If k > 4, then 


IV 1 / 4 




c<C 

q\c 


c<C 

q\c 


UmnY 2 + ^ 


A^ 1 / 4 / x/MiV 

< <f I TTTTV I - 1 + 


11/4" 

v c ) 

k ~ 2 n 13 / 8 m 7 / 8 \ 


M 1 / 2 


Q 


Q 


11/4 




Therefore, 


E E^ 2f;r '«9' 


-1/4 


M,N<^q 1 + e c<C 
<j|c 


Combining two estimates in one, we have that for any even k 

k — l — 26 


E E c " 2 - bt i < ®‘(® 


M,7V<q 1 + £ c<C 
g|c 


+ 9 


-1/4 


□ 


5.3 Extension of summations 

Analogously to the off-diagonal term, at the cost of admissible error, we can 
reintroduce summation over max (M, N ) > g 1+e and extend the summation 
over c up to some large value C max = q n . 
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Proposition 5.4. For l — 0, 1, we have 

(5.7) V E ^E S(0,h,c)T^(c,B)^ e , r q-^. 

max (M,A/’)<^Cg 1 + e c h^O 

C ^C^Cmax 

Proof. Consider T^(c, B ) given by equation f!5.5p . We split the sum over w 
in expression (15.6j) into two parts: w < q and w > q. If w < q we follow 
section 10 of |DFI3j to show that 


E 4 E S <°. (c. B) «,, <f {s/MW)t 

41 c C h^o 


qC k 


-1 


C<C<Crr 


If w > q we estimate the absolute value of T±(c, B) using 


Gf (h±p B y,p B y) < ( l + ^-(li±p B y) 


-2 


M 1 / 2 (VMN\ 


k-\ 


TV 1 / 2 




and 


This gives 


S/O, u>, c) -C ( w , c). 


4 | c MO ^ ^ 

pL I 


C<c<C„ 


( 1 . 1-49 9—89 \ 

Finally, taking C = min I g 2 - 2S M 1/2 Ats-89, gs-se J and performing dyadic 
summation over M, IV, we obtain the assertion. □ 


Proposition 5.5. For any e > 0, any A > 0 and l = 0,1 

( 5 ' 8 > E/ E 

4 |c max (M,iV)»g 1 + e MO 


-A 


Proof. The assertion follows from the rapid decay of F M)N . See the proof of 
proposition 13.71 for details. □ 


Now it is possible to combine all functions Fm into F and replace 
Fm,n by 

(5.9) F(x, y) := -Lw tl „( f)W t2 „(^)F(x)F( V ), 

s/Fy q 2 q 2 

where F(x) is a smooth function, compactly supported in [1/2, oo) such 
that F{x) = 1 for x > 1. 
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Lemma 5.6. One has 


M ood (B) = 2? ri k q~ 2tl ~ 2t2 

( 


Y C(l + 27eiri)C(l + 27e 2 r 2 ) 
ei,£ 2 =±l 


X 


E 




g,v 


n 2 y2-\-2ieiri -\-2ie2r2 z_ j q z_ j yj 

q\cg 
cg<q n 


y- ly y- T//M 

/ ■> ^ / ■> 7 .,l+ 2 *eiri+ 2 ie 2^2 ' ^ 


hpO 

[w,c]\h 


\ 


1 V- Ms) 


vE 


EfE 


1 \ - (p , wv) 


nnn)\ 1+2262^2 


E v (*>) 


rp t _/ q 2 ^2+2ieiri+2je 2 r2 / ■> q / ■> yjl+2ieiri+2ie2r 2 

B g,v y 3-\ C g w h.pO 

cg<q° 


where 


V(h) = 


x 


1 1 f f Tjp + irjrjp-in) 

(271 ri) 2 p S ( 1+ * £2r2 ) JsR;/ 3 = 0.7 Jstz=- 0.1 r(l + ^)r(fc + 0 ) 

I'zLir'l k+2z—2P‘)—k—2z+2f) 

^ fe+1—2z+2/3^fc/2+z— l 3+ieiri+ie 2 r2 


Sill 7TZ 


X 


‘ x=0 


x z-P+k/2 Wtiri ( ) F ^ x) dx_ j°° yZ+k/ 2+ie 2 r 2Wt ^ ) p ^ y) 


cos (nB) . 

X ' (1 + + v>i 


q j x j y=0 

cos ( 7 r/3) 


(-1 + 7/)^" ieiri 


cos(Triri) \dy 

+ <Wt:- 


(l-^- ieir V 1 / 


Proof. Lemma 15.31 yields 


T ft -(c,B)+T+(c,S) = Es(0.fe, ro ) ;r 


(p B , y;) 1 + 2 * e 2 r '2 


W) = l 


£l,£ 2 =±l 


w- 


2+2ieiri+2ie 2 r 2 


C(1 + 2ieiri) 


x C(1 + 2ze 2 r 2 ) / [5/ l +p s y >0 G ! ri (/i + p B y,p B y)(h + p B y y^n y ie 2 r 2 

Jo 

+K-pBy > oGf 1 {h - p B y,p B y)(h - p B y) ieiri y ie2r2 ] dy. 


We plug in the expressions for G and G+ given by (j3.27j) and (I3.28P and 
use the identity 


F(x ' pBy) = jphf (?) w “' r ‘ (? 1 F(x)F(pBp) ■ 
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This gives 


T t ;(c,B) + T+(c,B)=Y / S(0,h,w) Y. 


B n,,\l+2ie2r2 


(' p B , W 


W 


2 + 2 iein+2ie2^2 


w=l ei,£2=il 

x (j(l + 2ieiri)C(l + 2ie 2 r 2 ) 


r»oo /»oo 


x 2tt 


x 


/„ y„ (pBx»)w' hn \?)' ,hn w |J ‘“ 1 


' :H' ( , ,, ( 4 I H'„ 


47Ta Jxp^i 


Sh+pBy>oko ( h, 1/2 + , ri ) ( ft+ Af V- 


+4-^,0*, ( 1/2 + ir.) (ft - Af' 

x F(x)F(p B y)dxdy. 


The off-off-diagonal term 


M ood (B) = 2m k q~ 2tl ~ 2t2 


E ^ E 5 (°> c )( T * ( c « 5 )+^ + ( c > 5 )) 


</|c /i^O 


4 E 4 E s <°- h • c ) wrk B )+ T » + < c - B » 

p Sic VO 


contains two Ramanujan sums S'(0, h, c) and S(0,h,w). Applying the for¬ 
mulas 

S(0,h,c)= E S(0,h,w)= E 


gci=c 

ci\h 


VWl =c 
w±\h 


we obtain 


M ood {B ) = 2t Ti k q~ 2tl ~ 2t2 E C(! + 2iein)C(l + 2ie 2 r 2 ) 

ei,£2=±l 

/ 

Ms) r(t) 


x 


E 


\ - 1 (/,wr) 1+a£2r2 x - 

/ ■> /c / ^ 1 ,,l+2ieiri+2ie 2 r'2 / ■> 


V 


^2 ^2+22€iri+2ic2r*2 Z—/ c Z—/ ^l+2«eiri+2ie2r2 

^ <?|cp w /i/0 


cg<q 


[w,c]\h 


\ 


_1 y^ n{g) fi(v) 


\ - 1 (p g ,wn) 1+a62r2 y^ 

/ -/ ^ / ■> 1( ,l+ 2 iein+ 2 ie 2 r 2 / -/ 


p / ■> g2 ^2+2iein+2ie2r2 / ■> c / -/ ^l+2iein+2ie2r2 

£| cg w hg=0 


cg<q 


[w,c]\h J 
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r»00 /*00 


where 

V{h) = 2 tt 

^ d h+p B y>0^0 

~ffifi—p B y> 0^1 


:W t , 


0 Jo (p B xy)^"‘" rt 

4:7T^/x(h + p B y ) 

eg 

A-K^/xih + p B ?/) 


W, 


*2X2 


p B y 


, 1/2 +in 1 {h + p B y) ieiri y i£2r2 


, 1/2 + in I (h - p B yy e - ir lyiW2 

I xp B y 


eg 


x J 


V c 3 


F{x)F{p y)dxdy. 


In the expression V"(h) we replace negative h by their absolute value and 
make the change of variables —> y in the integral. As a result, 


V(h) = 2t r 


pl/ 2 +iein+ie 2 r 2 p°° poo ^ie 2 r 2 


P 


B(l+ie 2 f2) 


'0 >7 0 


vP 2 


W, 


x 


x 


W4 


*1X1 1 -2 1 ^*2X2 l *2 


hy 


x 


(i+pr iri fco 


47ry / xh(l + 7 /) 


x kn 


eg 

47 Ty/ xh(y - 1 ) 


, 1/2 + if] ) + 5 y>1 (—1 + y) 


zepri 


eg 


, 1/2 + in I + <^j/<i(l — 2 /) 


zepri 


x ki 


4vr A /xh(l - y) 


cp 


, 1/2 + in 


•4-i F(x)F(hy)dxdy. 


Finally, we use Mellin transforms of Bessel functions (IB.51) . (IB.91) and 
(IB.101) . so that 


V(h) = 


p 


,-B(l+i 6 2 r 2 ) 


r(^ + in)r(/3-in) 


x 


X 


X 


(27ri) 2 Jnp= 0.7 nft 2 =-o.i T(1 + z)T(k + z) 

f f (4 7 J -)fc+22—2/?2 2 /S— k— 2 z 

5ft /3=0.7 J 5ftz=—0.1 sill (7TZ) 

/ ™ \ 

yZ+k/2+ie 2 r 2 ^7 


xZ -y+k/2 W ^ ri 

+ 4 


X \ , dx 

e * (a; 


(rg\— fc +l— 2z+2Ppk/2+z—P+iein+ie 2 r 2 

hy' 


% J y —0 


X=0 

cos ( 7 t/3) cos ( 7 r/3) 

(1 + y)^-^ + V>1 (-1 + y)^-i=iri 


r 


F(hy) 


cos ( 7 rin) \dyiio 

+ (1 _ J — dzd P- 


Note that we shifted the contour of integration given in (IB. 101) to = 0.7, 
which is possible due to the rapid decay of the x integral in j3. The change 
of the order of integration in V (. h ) is justified by absolute convergence of all 
integrals. □ 
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5.4 Replacing F{x)F{hy ) by 1 on the interval [0,oc) 2 

This step allows us to simplify the integration and can be performed with 
a cost of negligible error. 


5.4.1 y-integral 

Consider 

/»oo 

(5.10) IY ■= / y z+k/2+ie 2 r2 Wt2j 
Jy =o 


X 


cos (7 r/3) 


+ 


hy\ 

q 2 ) 
cos (7 t(3) 


F(hy) 


(1 + yY ~ ieiri ' Jy>1 (-1 + y y~ ie ^ + V<1 (1 - y)P-i*iri J y 
Lemma 5.7. The function F(hy) can be replaced by 1 in IY with an error 

0 € (q~ 1/2+€ ). 

Proof. F(hy) is a smooth function, compactly supported in [1/2, 00) such 
that F(hy) = 1 for hy > 1. Thus, we only need to estimate the integral for 
y < 1/h . It is bounded by (^) fc//2+R ~ cos 7 r/3. We are left to estimate 


cos (7n'r'i) \ dy 


1 


T: =EtVE-E h 

z ' q z v z w ' c z ' 

9,v,w q\cg [c,w]\h 

cg<q n 


-P 


X 


COS7r/3 ( cg yk+i-2 Z+ 20 r 


f r r(/3 + 7n)r(/j-7n) 

5R/3=0.7 J$tz=- 0.1 r (l + z)T(k + z) 

poo 

x z-p+k/Z Wturi 


' x=0 


x\ „, ,, dx 

^)F(x)—. 
q z J x 


sm [7 tz) 

To make the sums over h and w absolutely convergent, one has to move f3 
contour to the right > 1. At the same time, partial integration shows 
that the x-integral decays rapidly in /3: 


x z-p+k/2 w 


ti,ri 


X 


F(x 


dx 


x 


(z — f3 + k/2)(z — (3 + k/2)... (z — J3 + k/2 + n — 1) 


x 


d r 


dx 


W t , 


Assume that 




z-/3-\-k /2 


ti,ri 

> 1. We have 
1 


F(x) ) x z ~P +k/2+n - x dx < T^rq z ~ P+k/2 - 


E 


E 


[eg) 


-k+l-2z+20 


yZyji+PhP c 1+/3 g 2 

v,w,h q\eg 

cg<q n 

^ q z —ft-\~k/2 ^ ^ ^g^-k—l—2z-\-20 qZ—fi-\-k/2—lgVl(—k—2z-\-20) 

<?l eg 

cg<q n 
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Moving (3 contour to $1/3 = k/2+8 and z contour to —5, M OOD is dominated 
by 


Choosing 8 = 1( 20 -i) ’ we obtain the result. □ 

Lemma 5.8. One has 


(5.11) 


x 


IY = 


P r (t) T(t + ir 2 + k/2)T(t - ir 2 + k/2) 


27 n Jm=k/ 2 - 0.2 Prit 2 ) T(t 2 + ir -2 + k/2)T(t 2 - ir 2 + k/2) 
q“ } T(k/2 + z- t + ie 2 r 2 )T(-k/2 — z + t + f3 — iein - ie 2 r 2 ) 

h 


X Cg(l + 2 1) ( cos (7 t(3) + 


T(/3 - iein) 

cos ( 7 t/3) sin (n(k/2 + z — t + ie 2 r 2 )) 
sin ( 7 r(/3 — ieiri)) 
cos (niri) sin (7r(— k/2 — z + t + j3 — ie\r\ — ie 2 r 2 ))\ 2tdt 

sin (7 t(/3 — ieiri)) ) t 2 — t 


2 • 

2 


Proof. By lemma 15.71 the y-integral is equal to 


IY= r_r +kn * im w t , n (jjjfj 

f cos (7 t/ 3) t x cos (7r f3) t x cos(7riri) ^ dy 

X V (1 + + y>1 (-1 + y)P-itiri + y<1 (1 - y)P-ieiri J y ' 


We plug in the expression 


Wf 


t2,T2 



+ 2t) 

2m Jm=k/2-0.2 Pr[t 2 ) 
x T(t + ir 2 + k/2)T(t - ir 2 + k/2) 

T (t 2 + ir 2 + k/2)T(t 2 - ir 2 + k/2) \q 2 J 


2 tdt 


Note that we shifted from 3 to k/2 — 0.2 without crossing any poles. This 
step is required to ensure that all poles of T(— k/2 — z + t + (3 — ie\r\ — ie 2 r 2 ) 
lie to the left of the t contour. Therefore, 


1 f Pr(t) T(t + ir 2 + k/2)T(t — ir 2 + k/2) 

2 m JsRt=k/ 2 -o .2 Pr(t 2 ) r(i 2 + ir 2 + k/2)T(t 2 — ir 2 + k/2) 


x 



y 


z+k/2+ie2T2—t | 


>y =0 


cos ( 7 t/3) 

(1 + y)P- ie iri 


+ 8 . 


y> 1 


cos ( 7 t/3) 


(-1 + y )P-iein 


} y< 1 


cos (mri) 

(1 - yy-^i 


dy 2 tdt 
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Mellin transforms (IB.lj) , (IB.21) and (1B.3|) and Euler’s reflection formula give 


IY = 


C 9 (l + 2 1 ) 


x 


1 f P r (t) T{t + ir 2 + k/2)T(t - ir 2 + k/2) 

2 m J m=k/ 2 - 0.2 Pr(t 2 ) r(f 2 + ir 2 + k/2)T(t 2 - ir 2 + k/2) 

x (£)' ( cos m) + 

\h ) y sm (vr(p — *eir 1)) 

cos (tt iri) sin (n(—k/2 — z + t + (3 — ieiri — ie 2 r 2 )) \ 
sin (n(P — ieiTi)) J 

T(k/2 + z — t + ie 2 r 2 )T(—k/2 — z + t + f3 — iepri — ie 2 r 2 ) 2 tdt 


+ 


r(/3 - iein) 


t 2 


f 2 ' 


□ 


Remark 5.9. Consider the expression 05 .111) . If 3 — ieiri = 0, —1, —2,..., 
the poles of 1/sin(7r(/3 — ieiri)) are canceled by the zeroes of l/T(/3 — ie^i). 
The poles at (3 — iepri = j with j = 1,2,3... are compensated by the 
vanishing numerator. 


5.4.2 x-integral 

Lemma 5.10. The function F(x) can be replaced by 1 in the expression 
V(h) at the cost of negligible error O e}r (q e ~ k ^ 2+0 ' 5 ). 

Proof. We show that the contribution of F\ (x) = 1 — F(x) is negligible. 
Note that Fi(x) = 0 for x > 1 since in that case F(x) = 1. The part of 
M ood which affects the x-integral can be written as follows 

g—k—l—2z+2ft c ~k—2z+2/3j^k/2+z—l3—t^t 

v,w “ ~ C X [c,w]\h 

q\cg 

x F(—k/2 - z + t + (3 - ieiri - ie 2 r 2 )T(k/2 + z -t + ie 2 r 2 )Hi(t, z,/3) 

x f 1 x z ~h+ k F W ^) F i( x ) —. 

Jo r x 

Here II\ is an analytic function. We have 

ftz = -0.1, /ft/3 = 0.7, m = k/2 - 0.2. 

Without crossing any poles, we shift /3-contour to 



/ft/3 = 0.3. 


In order to make the sums over h and w absolutely convergent, we move 
the t contour to 


m = k/2 + 0.7, 
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crossing a pole at t — k/2+z-\-ie 2 r2- Since — Rfd + k/2 > 0, the x-integral 
can be done by parts n times (for sufficiently large n) to make /3-integral 
convergent. This gives 

Finally, all sums and integrals are absolutely convergent and q- k ~ l + t - 2z + 2 P 
can be factored out due to divisibility conditions. In total, this gives an 
error O^ r (q e ~ k ^ 2+0 ' 5 ). 

For the pole at t — k/2 + z + ie 2 r 2 another contour shift is required to 
make all sums absolutely convergent. We move the ^-contour to 


Rz = 0.5 + 2e 


and /3 to 


R/3 = 1 + e. 


Note that the pole of 1/sin (nz) at z = 0 is canceled by zero of P r (t) = 
P r (k /2 + z + ie 2 r 2 ). The x integral is bounded by The power of q, 
corresponding to divisibility conditions on g, c, h, is g“ fc_1+t ~ 2z+2/3 . This gives 
the error term O eir (g e-fc//2+a5 ). □ 


Proposition 5.11. One has 


M ood (B) = 2t ii k q~ 2tl - 2t2 

( 


S y'\ C(1 + 2ieir 1 )('(l + 2ie 2 r 2 ) 

ei,€2=±l 


x 


E 




1 {p B ,Wv) 1+2i ^ ro - y^ 

/ ■> r / ■> „ n l+2ieiri+2ie2r2 / ■> 


\ 


q 2 y2+2ieiri+2ie2T2 Z—/ q Z—/ y^l-\-2ie\ri+2ie2r2 
g,v y q\cg W /i/0 


cg<q 


[w,c]\h 


\ 


_1 y^ n{g) fi(v) 


\ - 1 (p B ,Wv) 1+2ie * r * y^ 

/ -/ r ' v o.,l+2iein+2ie2T 1 2 / -/ 


rp / ■> q2 v 2+2iein+2ie2T2 / ■> c / ■> ^l+2iein+2ie2r2 

9,v —\cg w h.^0 


cg<q 


Ml h J 
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where 
V(h) = - 

X O' 


~2s+2t 


(27U) 3 Jsftt=k/2+0.7 Jns=k/2-0A JUz=-QA p B( - 1+l€2r2 '> 


[eg) 


1—2s 


,2s Pf(s)P r (t) 


Cq(l + 2t)Cq(l + 2s)- 


fos—t+iein+ie2r2 


P r (ti)P r (t 2 ) 'sin (TT^)r(l + z)T(k + z) 

Y{k/2 + s ± ir , 1 )r(fc/2 + t ± zr 2 ) 


X 


r(fc/2 + ti ± iri)r(fc/2 + t 2 ± ir 2 ) 

x T (t — s — iepri — ie 2 r 2 )Y(k/2 + z — s + ?eiri)r(fc/2 + z — t + ie 2 r 2 ) 

cos (7r(z — s)) sin (tt(z — t + ie 2 r 2 )) 


x I cos (7r(z — s)) + 

' Sin (7 T{Z 

cos (7riri) sin (7r (t — s — iepr\ - 


ie in)) 


*e 2 r 2 ))\ 


dz- 


2sds 2 tdt 


f‘2 ■ 


sin [tt{z — s — ieiri)) J s 2 — t\ t 2 — t\ 

Remark 5.12. We do not compute the contribution of poles at t — k/2 + 
z + ie 2 r 2 since it will be cancelled by another contour shift in 15.5.11 


Proof. By inverse Mellin transform we have 


xZ -i-p + k/2 W - ( )dx = 2 

qz 


Pr{z- f 3 + k/2) 
Pr(t l) 


Cg(l + k + 2z — 2/3 ) 


xq 


,k+ 2 z- 2 p r ( k + z - P + io)Y(k + z- /3- in) k/2 + z - /3 


r(/c/2 + ti + ir , 1 )r(A:/2 + iy — iry) ( k/2 + z — (3) 2 — t\ 
for 9R(z — /3 + k/2 ) > —1. Setting s := k/2 + z — f3 yields the assertion. □ 


5.5 Shifting the z-contour 

The z-integral is given by 


(5.12) IZ := 


T(k/2 + z - s + iei‘r 1 )T(k/2 + z — t + ie 2 r 2 ) 


>9tz=- 0.1 


2iri 

x I cos (7r(z — s)) + 


sin (7tz)T(1 + z)T{k + z) 
cos ( 7 r(z — s)) sin (7r(z — t + ie 2 r 2 )) 
sin (7r(z — s — ieirf)) 
cos {nirf) sin ( 7 r(t — s — ie^i — ie 2 r 2 ))\ 
sin (7r(z — s — ieiri)) ) 


Stirling’s formula implies that the integrand decays as |z| -1 ~ s “h We shift 
!Rz to D > 0 and let D —* + 00 . This leads to three types of possible poles 
described in the table below. 


Possible poles at 

Coming from function 

z = t — k/2 — ie 2 r 2 

Y(k/2 + z — t + ie 2 r 2 ) 

z = n + s + ieiri 

1/ sin (7r(z — s — ieiri)) 

z = n,n > 0 

1/ sin (7rz) 
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5.5.1 Poles at z = t — k /2 — ie 2 r 2 

The residues at these poles cancel those mentioned in remark 15.121 (while 
performing the shift of t to the right). Consider 

T(fc/2 + z — t + ie 2 r 2 )f(z, t)dzdt. 

Shifting t integral to the right, we have the residue 

-Res z= - k / 2+ t-ie 2 r 2 r(k/2 + z-t + ie 2 r 2 )f(z, t). 

Moving 0 to the right, we obtain 

-Res t=k/2+z+ie2r2 r(k/2 + z-t + ie 2 r 2 )f(z, t ). 

Since z and t have different signs in T(k/2 + z — t + ie 2 r 2 ), these residues 
cancel each other. 



5.5.2 Poles at z — n + s + ie\r\ 

Proposition 5.13. The expression under the integral in IZ is holomorphic 
at z = n + s + iepr\. 

Proof. To show this, we write 


sin (tt(z — t + ie 2 r 2 )) = — sin {tt (t — s — ie\r\ — ie 2 r 2 )) 
xcos [tt{z — s — zeiri))+cos (7r(t — s — iepr\ — ie 2 r 2 )) sin (7 t(z — s — ie\r\)) 

and plug it in IZ. After simplifications, 

1 f T{k/2 + z-s + ie 1 r 1 )T(k/2 + z-t + ie 2 r 2 ) 


IZ = 


x 


2m ,/ Kz= _ 0.1 sin ( 7 r^)T(l + z)T{k + z) 

cos(7r(2; — s)) + cos(7r(2; — s)) cos(7r(t — s — iepr\ — ie 2 r 2 )) 


+ sin(7r(z — s)) sin(7r(z — s + ie lrx)) 


This is holomorphic at z = n + s + iepr\. 


□ 


5.5.3 Poles at z = n, n > 0 


Proposition 5.14. The poles at z — n are simple and its contribution to 
IZ is given by 


—r(s +1 

7T 


ie in - ie 2 r 2 ) 


T(k/2 - s + ieirf)T{k/2 — t + ie 2 r 2 ) 

T(k/2 + s - ieprf)T{k/2 + t — ie 2 r 2 ) 

x [cos (7rs) + cos (7r(t — ieiri — ie 2 r 2 ))\. 
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Proof. Consider 


__ 1 A 1 Y(k/2 + n-s + ie 1 r 1 )T(k/2 + n-t + ie 2 r 2 ) 

1 IT ms (-vm\ r(l+n)r(k + n) 

cos (n(n — s)) sin (7r(n — t + ie 2 r 2 )) 
sin (7r(n — s — ieirf)) 

cos (7riri) sin ( ir(t — s — ieyri — ie 2 r 2 )) 


tt ^ cos (7 m) 

n =0 v ' 


x cos (7r(n — s))+ 


+ 


sin (7r(n — s — ie^i)) 


Since n 6 Z, we have 


_ 1 r(/c/2 + n - s + ieiri)T(k/2 + n - t + ie 2 r 2 ) 


n=0 


X COS (7TS) + 


r(l + n)T(k + n) 

cos (7rs) sin (it( t — ie 2 r 2 )) 


sin (tt(s + ieiri)) 

cos (7riri) sin (it( t — s — ie-gr-i — ie 2 r 2 )) 
sin (7r(s + ieiri)) 


By Gauss hypergeometric identity, 


r(k/2 + n — s + ie\rf)Y(k/2 + n — t + ie 2 r 2 ) 
r(l + n)r(fc + n) 

. . . r(fc/2 — s + iepr i)T(k/2 — t + ie 2 r 2 ) 

= r(s + i- !£l r, -^r ,) r(t/2 + j _ fciri)r(fc/2 + t _ fcara) . 

Simplifying the trigonometric part, we obtain 

cos (7rs) sin (tt( t — ie 2 r 2 )) cos (7riri) sin (tt( t — s — ie\T\ — ie 2 r 2 )) 
sin (n(s + ie^i)) sin (tt(s + ieiri)) 

= cos (tt (t — ie iri — ie 2 r 2 )). 


This implies 


Pi = 


1 

7T 


T(s + t - iegr 1 - ie 2 r 2 ) 


T(k/2 - s + ie 1 r 1 )r(fc/2 - t + ie 2 r 2 ) 
T(fc/2 + s — ie 1 r 1 )T(/i:/2 + t — ie 2 r 2 ) 
x [cos (7rs) + cos (7r (t — ie !'ri — ie 2 r 2 ))\. 


□ 
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Proposition 5.15. The off-off-diagonal term can be written as follows 
2 


M' 


OOD 


(B) = 


(2-7T i) 




-2t 1 ~2t 2 


^ C(1 + 2ieir i)C(l + 2ie 2 r 2 ) 

£l,£2=±l 


X 


P r (s)P r (t) 


mt 


x 


Cg(l + 2s)C,j(l + 2 1 )- 


^S+t 


=fc/2+0.7 J$ts=k/2—0A Pr{ti)Pr(tf) (2n) 2t 

x r(t — s — ieprx - ie 2 r 2 )T(t + s - ieiri - ie 2 r 2 ) 

T(k/2 + s + ieiri)T(k/2 + t + ie 2 r 2 )T(k/2 - s + ie^i) 
T(k/2 + ti+ ir 1 )T(k/2 + ti — iri)T(k/2 + t 2 + ir 2 ) 


x 


T{k/2 — t + ie 2 r 2 ) 
T(k/2 + t 2 - ir 2 ) 


EE#™w-i/^E 




, i\cg 9 


q\cpg g 


2s+l 


TD(c) 


where 


(5.13) TD(c) = 7n Y. 


x [cos (ns) + cos (n(t — ie±ri — ie 2 r 2 ))} 

p(v) sr-' (p B i wv) 1+2ie2T2 


2 sds 2 tdt 
s 2 — tit 2 — f 2 ’ 


v 


2+2it\ri+2it 2 r 2 


E 


pL 


B(l+it 2 r 2 ) w l+2ieiri+2ie 2 r 2 


X 


E 

c,iu|/i 


fot— s— 2617*1 —i€ 2 r 2 


5.6 Explicit formula 


We start with transforming the off-off-diagonal term. 


Proposition 5.16. One has 

(5.14) M ood = y C(l + 27e 1 r 1 )C(l + 2 ie 2 r 2 ) 

ei,e2=±l 


X 


1 

(27ri) 2 

E(s, t)$(s, t)2sds2tdt, 


<m=k/ 2+0.6 J5Rs=fc/2-0.4 


where 


15 151 FIs t) ■= d~ 2t 1 ~ 2t2 1 _ 1 r(/u/2 + s + ieifjf 

K } {,) ' Q P r (t l )P r (t 2 )s 2 -t 2 t 2 -t 2 T(k/2 + t l +ir l ) 

T(k/2 + t + ie 2 r 2 )r(/c/2 — s + ieiri)r(fc/2 — t + ie 2 r 2 ) 

r(fc/2 + ti — ir 1 )T(k/2 +1 2 + ir 2 )V(k/2 + t 2 - ir 2 ) 


(5.16) <h(s, t) := 2Cj(l + 2 1) 1 [cos (ns) + cos (n(t - ie 1 r 1 - ie 2 r 2 ))] 

{2n)* L 

2 

x F(t- s-ie^ - ie 2 r 2 )V(t +s - ie^ -ie 2 r 2 ) y C(A,B) s yTD(c ) 

A,B =0 

and coefficients C(A,B ) are given in taldeQl 
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Proof. Consider the term M OOD (B). Mobius function does not vanish only 
if (?) 9) — 1 or (?) 9) — P- Then we can write 


M ood (B ) = 


(27t i) 


r? 


-2ti-2 1 2 


X 


Y C(l + 2ieiri)C(l + 2ie 2 r 2 ) 
P r (»)P r (t) s 


S+t 


X 


Jm=k/2+0.7 Jus=k/2-$A Pr{tl)Pr{t2) 9 ? / (27r) 2t 

r(fc/2 + s + ieiri)T(A:/2 + £ + ie 2 r 2 )r(£;/2 - s + ieiri)T(A:/2 - t + ie 2 r 2 ) 
r(fc/2 + ti + ir 1 )T(k/2 + ti~ ir 1 )T(k/2 + t 2 + ir 2 )r(fc/2 + t 2 - ir 2 ) 


x 


E 

(9,9)=! 


7 1+2s 


E- (yrs + ;) E + yk E 

g|c g|cp g|cp 2 

x r(t — s — ieiri - ie 2 r 2 )V(t + s - iepr\ - ie 2 r 2 ) 

2 sds 2 tdt 


x [cos (7rs) + cos (7r(t — ieiri — ie 2 r 2 ))\ 


s 2 — tit 2 — f 2 


2 • 


Note that 


Cj(l + 2s) 'Y 




9 


l+2s 


= 1. 


(9,9)=1 

In order to simplify notations let us denote 


E(s,t) ■= q 


~-2ti-2t 2 


P r (s)P r {t) 


1 T(k/2 + s + ie 1 r 1 ) 


x 


P r (ti)P r (t 2 ) s 2 - tit 2 - tl Y(k/2 + ti + in) 

T(k/2 + t + ie 2 r 2 )T(k/2 - s + iein)Y(k/2 — t + ie 2 r 2 ) 
T(k/2 + ti- in)Y(k/2 + t 2 + ir 2 )T(k/2 + t 2 - ir 2 ) 

This is an even function since G is even. By equation (13.32p 

M ood = M ood { 0) - T 1/2+ir2 (p)M OOD (l) + M OOD (2). 

Next, we introduce parameter A corresponding to the condition q\cp A . So 
that 


M' 


OOD 


Y C(A,B)M ood (A,B), 

A,B =0 


M ood (A,B) = 


(2m) 


Y C(l + 2ieiri)C(l + 2ie 2 r 2 ) 


ei,C2=±l 


X 


P( s , t)C q (l + 2 t)- 


^s-\-t 


\2t 


1 m=k /2+0.7 Jm.s=k/2-0 A (2tt) 

x [cos (7rs) + cos (7i(t — i€\T\ — ie 2 r 2 ))] 

x T(t — s — iepr\ — ie 2 r 2 )Y(t + s — ie irq — ie 2 r 2 ) Y^ TD(c)2sds2tdt, 

q\cp A 
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A = 0 

A = 1 

A = 2 

R = 0 

1 

—(1 + p 2s )p 2s 1 

co 

CM 

1 

CM 

1 

R = 1 

T l/2+ir2 (p) 

Tl/2+ir 2 (p)(l+p 2S )p" 2S 1 

-Tl/2+ir 2 (p)P 2 2 " 

R = 2 

1 

— (1 + p 2s )p _2s_1 

CO 

CM 

1 

CM 

1 


Table 1: Values of coefficients C(A,B) 


where coefficients C(A,B) are given in the table Q] 

□ 

The next lemma allows removing the divisibility condition c,w\h in the 
expression E g | cp aTD ( c )- 

Lemma 5.17. One has 

(5T7) /( c > w ) 9(h) = h( u ) 

c ’ v ! c,w\h p\u 

p v ~ A \c 

x E E f(p v A duc } p^duw) E g(p s u 2 dcwh). 

/3>0 c h 

S=max(v—A,B) Pp 
p\w 

Remark 5.18. Recall that q = p v , v > 3 and so z/ — A > 1. 

Proof. Consider 

S ■= f( c ’ w ) ^9(h). 

C ’ W A c,w\h 
p‘x~ A \c 

Let us make the following change of variables 

c = p v ~ A c x = p u ~ A dc 2 , 
w = p^wi = p^dw 2 , 

d = (ci, w\) so that (c 2 , w 2 ) = 1 and p \ dw 2 , 
h = p s dc 2 w 2 hi where <5 = max(z/ — A, f3). 

Then 


E E E f(p u A dc 2 ,p^dw 2 ) g(p s dc 2 w 2 hi ). 

/3>0 pfd fa hi 

<5=max(V—A,/3) 

(C2,IU2)=1 

Finally, we remove the requirement ( c 2 ,w 2 ) = 1 by Mobius inversion 
s = 5>( m ) E E f(p u A duc,pPduw) E g{p s u 2 dcwh). 

p\u p>0 9j h 

S=ma,x(u—A,/3) E 

V ' pflU 


□ 










46 


Olga Balkanova 


Proposition 5.19. We have 


— r,t~s (r) \-2ieir\-2ie2T2 


$(s,t) = q t - s (2n) 


C 9 (l + t + s + ie i7"i + ie 2 r 2 ) 


C g (2 + 2ie 1 r 1 + 2 ie 2 r 2 ) 
x ((1 — t + s + ie 1 r 1 + ie 2 r 2 )(( 1 - t - s + ieiri + ze 2 r 2 ) 


, . . k(p a ') 

x( q {l+t-s + ^e 1 r 1 + ze 2 r 2 ) ^ (2+2t£lT . 1+2 , £2r2) 

a>0 ^ A,S=0 


E c-(^,S)(p 


U\2s 


X 


E 


(pB pa+p\l+2it 2 r2 


pi?(l+ie 2 r 2 )p/3(l+2ieiri+2ie 2 r 2 )p<5(t—s—iem—ie 2 r 2 ) ' 


/3> 0 

<5=max(^— A,/3) 

Proof. The expression TD(c) is given by (15. 1.3 1) . Consider 

1 (J,(v) (p B , wv) 1+2l£2r2 


E ™w= E ^E 

pV—A\ c pU—A\ c 


E 


q£.s 2. _ 2 y2+2ieiri+2i£2r2 / ■> pB(l+ie2r2)yjl+2iein+2ie2r2 


X 


E 

c,w\h 


fat—s—ieiri —ie2r2 


According to the lemma 15.171 

c —> p v ~ A duc , 

w —> p^duw, 
h —* p 6 u 2 dcwh. 

In addition, the sum over v can be decomposed as 

p(v) ^ p(p a ) ^ p{y) 


E 


2+2i£ 1 r 1 +2ie 2 r2 


E 

a> 0 


P' 


l a( 2 + 2 ie 1 r 1 + 2 i£ 2 r 2 ) 


E 

(«ip)=i 


2+2jeiri+2je 2 r 2 


Then 


E 

glcp' 4 


h-0) 


P^\ 2s \ - p(u) \ - 

n ) / ^ 7,2t+l / J 1) 2 + 2 ie\r 1 + 2 i£ 2 r 2 

qJ (n,p)=1 U („*)=1 


X 


E 


1 


E 


E 


c i+s—iem—ie 2 r 2 / ■> s—iem—ie 2 r 2 / ■> ^l+i+s+ieir + *e 2 r 2 
c /i (d,p)=l 


X 


E 


E 


p(p° 


y^l+t—s+ieir + ie 2 r 2 / v ,pa(2+2ieiri+2ie 2 r 2 ) 
(tu,p)=l a>0 


X 


E 


^pB pOt+p^l+2iE2r2 


/3>0 

<5=max(^—A,/3) 


pB(l+ie 2 r 2 )p/3(l+2ieiri+2ie 2 r 2 )p<5(t-s-j£iri-je 2 r 2 ) ' 
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The asymmetric functional equation implies 

r (t — s — ierri - ie 2 r 2 )T(t + s — ierri - ie 2 r 2 ) n ((t ± s - ie 1 r 1 - ie 2 r 2 ) 

(27r) 2t—2*eiri -2ie 2 r2 

C(1 — t — s + ierri + ie 2 r 2 )((l —t + s + ierri + ie 2 r 2 ) 


2 [cos (7rs) + cos (tt[ t — ierri — ie 2 r 2 ))] 


Thus, 


— 21627-2 


$( S ,t)=g < - s (2vr) 


C g (l + t + s + iepri + ie 2 r 2 ) 
C g (2 + 2iei-ri + 2ie 2 r 2 ) 


xCg(l + t-s + ieiri + ie 2 r 2 )C(l-t + s + ieir 1 +ie 2 r 2 )C(l-t-s + ieir 1 +ie 2 r 2 ) 


x 


a>0 F A,B=0 


E 


x 


E 


,B „«+/3N 1+2*62^2 


(p B ,p a+ P) 


/3> 0 

(5=max(p—A,/3) 


pB(l+ie2^2)p/5(l+2ieiri+22e2r2)p5(f-s-i€iri-ie2r 2 ) ' 


□ 


The sums over a and (5 in 4>(s, t ) can be evaluated by considering different 
cases, as we now show. 


5.6.1 Case 1: /3 > v — A 

Proposition 5.20. The given case contributes to the off-off-diagonal term 
as O e ^ r (q~ 1+e ). 

Proof. We have 5 = /3 and 


,-2ie 1 r 1 -2ie 2 r 2 Cgl 1 + t + S + ie^i + ie 2 r 2 ) 

C<j(2 + 2ierri + 2 ie 2 r 2 ) 


$(M) = q^ s { 2vr) 

x((l-i + s + ierri + ie 2 r 2 )(( 1 - t - s + ierri + ie 2 r 2 ) 

h( P a ) \ ' r~U A ta\/~»A\ 2 s 


X 


C Q (1 + t - s + ierri + ie 2 r 2 ) ^ 


r ) a(2+2ieir 1 +2i£2r 2 ) 
a >0 F A,B =0 


E c (abw 


X 


E 


^pB pOi+f}\l+2i£2r2 


p>u—A+l 


pB(l+ie2r2)pl3(l+t-s+ieir 1 +i£2r2) ' 


The sum over f3 is given by 

1 


q 


t—s 


E 


p>u-A +1 


_ _ _( n A— l\l+t— s+ieiri+ie 2 r 2 

^pl+t—s+ie 1 ri+ie2r2\/3 q'd > ' 


X 


E 

p> o 


( p 1+t 


—s+ie\r\+ie2'T2 


r 



48 


Olga Balkanova 


This implies that the contribution of this case to M OOD is bounded by 

o e , r (<r 1+e ). □ 


5.6.2 Case 2: f3 < v - A 

The condition /3 < v — A means that 6 = v — A and 


f \ = pie^+ 2 ie^ Cg(l + t + S + ie 1 T 1 + Z6 2 r 2 ) 

1 ; q Cg(2 + 2 ie iri + 2 ie 2 r 2 ) 

x((l-i + s + iepri + ie 2 r 2 )((l — t — s + iepri + ie 2 r 2 ) 

p{p a ) 


x ( q ( 1 + t - s + ieiri + ie 2 r 2 ) ^ 


Q>0 


pa(2+2ieiri+2i€2T2) 


x 5] C(4B)(p 

A,£=0 


A\t+s—ieiri—i€ 2 r r 


£ 


^pB p(X+p\ l+2i€2T2 


o <P<v-A 


pB(l+ie2T2) pfi(P+2ie\r\+2iE2r2) 


The sum over f3 can be decomposed in the following way: 


£ 


P pB pa+p\l+2i€2V2 


£ 


(p 


B\ie 2 V 2 


rpB(l+ie2r2)rp(3(l+2ieiri+2ie2r2) p/3(l+2£€iri+2£€ 2 r 2 ) 

0<(3<is—A y y 0<{3<is—A y 

B<a+/3 


£ 


(p 


a\l+2ie2T2 


0 <P<v-A 
B>a+P 


pB(l+i€ 2 r 2 ) pp(2ie 1 r 1 ) 


£ 


(p 


B\ie2T2 


l /3(l+2ieiri+2ie2r2) 


0 <0<v~A 


P 


- £ 


(P 


B\ic 2V2 


£ 


ip 


a\l+2i€2V2 


p/3(l+2ieiri+2ie 2 r 2 ) £j.B(l+ie 2 r 2 )W3(2ieiri) ' 

0</3<^—A ^ 0</3<u-A F F 

B>a-\-/3 B>a-\-/3 


The first sum does not contribute to $(s, t) because 


Z ^/3(l+2ieiri+2«€ 2 r 2 ) 
0</3<z^-A ^ 


= i 


p 


l+2*eiri+2ie27'2 


) 


1 + 0 ( - 
Q 


C(A,B)(p A ) t+s - ieiri - ie2r2 (p B y^ r 2 = 0. 

A,B=0 


and 
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Therefore, 

p = ,2iem + 2ie 2 r 2 Cgt 1 + t + S + i^Tl + ^ 2 r 2 ) 

1 J 1 C Q (2 + 2ie iri + 2ie 2 r 2 ) 

x ((1 — t + s + iepr-i + ie 2 r 2 )(( 1 - t — s + ie 1 r 1 + ie 2 r 2 ) 


x 


E 

o>0 


xC,(l + t-s + ie 1 r 1 + ie 2 r 2 ) ^ C(4,S)(p A ) t+s - ,£ir >- i£2rr 

A,B=0 

/i(p“) / _(pBye 2 r 2 ^pCty+2ie 2 r 2 \ 


l a(2+2ieiri+2ie 2 r 2 ) 


p 


E 


0</3<u-A 

B>a+j3 


pf}(l+2inri+2ie 2 r 2 ) pB(l+ie 2 r 2 )p/3(2iein) 


)■ 


For each fixed B the sum over A can be evaluated using table [I] 

2 

'y ^ C(^A 0) (^p A y +s ~ itiri ~ i£2r2 — ^\_p t +s+l—ieiri—ie 2 r 2 ^^_ pt—s+l-ieiri—ie 2 r 2 'j 


A =0 


y ^ (F^y4 1) (p^)* +S — ie l r l _ * £2r 2 = —(p ir2 ~\~ p~ ir2 )( 1 — pt+s+1—ieiri—»£2r 2 ^ 

A=0 

X n — p t — s + 1 — ie ni—ie 2 r 2 ^ 

2 

y ^ 2)(p A ) t+S ~ ieiri ~ ie2r2 = (1 — p t+s+1 ~ ie ni~^ 2 r 2 ^^ _ ^t-s+ 1 —jein—ie 2 r 2 ) 

A =0 

Since 5 = 0,1, 2, the requirement B > a + /3 is satisfied in four cases 
(5, «, /3) = {(1, 0, 0), (2, 0, 0), (2,1, 0), (2, 0,1)}. 

Thus, 

$(s,t) = q 2ieir 1+2i£2 ’' 2 


X 


C g (l + t + s + ieirx + ie 2 r 2 )C g (l + t - s + ieiri + ie 2 r 2 ) 
Cq(2 + 2ieiri + 2 ie 2 r 2 ) 
x C<?(1 - t + s + feiri + ie 2 r 2 )Cj(l - f - s + iepr i + ie 2 r 2 ) 


x 






P 


p 


l+ie 2 r 2 


p2ie 2 r 2 


p 


+ 


l 2 + 2 ie 2 r '2 


p2+2ie\r\ p3+2ieiri+2ie 2 r 2 pl+2iexri p2+2ieiri+2ie 2 r 2 


Simplifying, we have 


$(s,t) = —<? 

Q 


2ie\r\-\-2ie2V2 / ^ _ 


l-\-2ie\r\ 


p 


l - 


1+2*62^2 


P 


C 9 (l + t + s + ieiri + ie 2 r 2 )C q ( 1 + t - s + iepri + ie 2 r 2 ) 

C,(2 + 2ieiri + 2ie 2 r 2 ) 

x C 9 (l - t + s + ie l r l + ie 2 r 2 )( q (l -t - s + ieiri + ie 2 r 2 ). 


x 
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Substituting this result in (15.15I) . we prove theorem 15.11 

6 Off-off-diagonal term: asymptotic evalua¬ 
tion 


Theorem 6.1. Up to a negligible error term, we have 


(6.1) M' 


OOD 


0(g) 


Q 


E 


C?(l + 2ieir i)C g (l + 2 ie 2 r 2 ) 


C q (2 + 2ie±ri + 2 ie 2 r 2 ) 

2ti—2t2+2ieiri+2ie 2 r2 


ei,£2=±l 

X Cg(l + e 3^1 + e 4^2 + ^l r l + *^2 r 2)g 

£3,e4=±l 

r(fc/2 - ti + ie 1 rf)Y{k/2 - t 2 + ie 2 r 2 ) 


x 


r(fc/2 + ti — zeiri)r(fc/2 + t 2 - Ce 2 r 2 ) 


Proof. Consider 

0(g) 


M' 


OOD 


_ Cg(! + 2ieiri)Cg(l + 2ie 2 r 2 ) 2tl _ 2t2+2ieiri+2ie2r2 

q ei ~ ±1 C?( 2 + 2ieiri + 2to 2 r 2 ) 


x 


(27ri) 2 


'm=k/ 2+0.7 g»s=fc/2-0.4 


Iei,e 2 ( s i t) 


2sds 2 tdt 

s 2 — tf t 2 — t\ ’ 


where 


x 


P(s)P (t) 

Iei,e 2 (s,t) = ' ' -\ C q il+t+s+ie 1 r 1 +ie 2 r 2 )C q {l+t-s+ie 1 r 1 +ie 2 r 2 ) 

*r\tl)*r{t 2 ) 

x ^(1 - t + s + iepri + ie 2 r 2 )( 9 (l — t — s + iepr-i + ie 2 r 2 ) 
r(fc/2 + s + ie 1 ri)Y(k/2 + t + ie 2 r 2 )r(A;/2 - s + toiri)r(fc/2 - t + ie 2 r 2 ) 
r(fc/2 + ti + ?ri)r(fc/2 + ti - iri)r(fc/2 + t 2 + ir 2 )T(k/2 + t 2 — ir 2 ) 

The function J eii£2 (s,t) is even in both s and t. Therefore, 

, 1 f f 2 sds 2 tdt 

A — 1 1 


(2vri) 2 J m =k/ 2+ 0.7 JUs=k/2-0A 

„ . 2s 2t T , , 2s 2t 

= Res Cb /(s - + Res £4 /(Sl 

2s 21 


+ Ress=-ti /(s, t) 


2s 2t 


t=t 2 


s 2 -t 2 t 2 -1 2 + Res t=~% /(s ’ ^;,2 _ t 2 1 2 -1 2 ■ 


Each of the four given residues has the same value. Computing the residue 
yields the assertion of our theorem. □ 


Theorem 6.2. C/p to a negligible error, we have 

1 


( 6 , 2 ) 


lim M ood = --— 

(t,r)—>(0,0) (27u) 2 


'SRt=fc/2+0.7 JUs=k/2-0A 


9(s,t) 


2 ds 2 dt 
s t 
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where 


g(s,t) = 


</>(<?) 


1 P r (s)P r (t) 


q ) C?(2) P r ( O) 2 


11 Cg(l + + e 2 s ) 


6 l, 62 =±l 


X 


r(fc /2 + eit)r(fc /2 + 62 s) 


r(*/2)^ 

E 


(2 log <7 + 7) 2 + ^ -f(l + eit + e 2 s) 


L ,€ 2=±l ^ 


ei ,€ 2 ,€ 3 , e4=±l 

( 61 , 62 )^( 63 , 64 ) 


c' c' 

^r(l + + e 2 <s)-r-(l + 63 1 + 64s) + (2 log q + 7) 

Si ? Sg 


x| 4-^(2)-2 ^2 7^(1 + + e 2 s) - y -p(fe/2 + eg) 

S9 f , r ., =± i Sg 1 


ei,€2 


€=±1 


- ^ —(A;/2 + et)^ + ^ 4(1+ e i t + e 2 s) 


e=±l 


1,£2=±1 ^ q 


X 


4-^(2) + ^ yr(&/2 + 4 + E ”7 4/ 2 + es ) 

So 


e=±l 


e=±l 


/ / ._// / j 

E p"(4 2 + 4 E ■p ^/ 2 + es ) _ 4-^(2) + 8 ( -1(2) 

" 1 Sg \ Sg 


e=±l 


e=±l 


2 ^( 2 ) f E y ( k / 2 + E + es ) 

^ Vc=±l 1 6=±1 1 


Corollary 6.3. The off-off-diagonal term at the critical point is a polyno¬ 
mial in logg of order 2. 


Proof. First, we let ti,t 2 —> 0. Then 
l- A/fOOD _ 0(g) Cg(l + 2iei-ri)Cq(l + 2 ie 2 r 2 ) 

Cj2ieiri+2ie2i'2 

^ 0 g ei ^ ±1 Cg(2 + 2ie 1 r 1 + 2ie 2 r 2 ) * 

If f T , ,2ds2dt 

x TT~yf / 4,62 -7- 

l Z7r P J5Rt=fc/2+0.7 J5Rs=fc/2-0.4 s 1 


where 


e l ; € 2 


(s,t) = 


P r (s)P r (i) 

4(0) 2 


C g (l + t + s + iepri + ie 2 r 2 ) 


xC <? (l+t-s+ieiri+ie 2 r 2 )Cg(l-t + s+ieiri+ie 2 r 2 )Cg(l-t-s+ieiri+ie 2 r 2 ) 
r(fc/2 + s + ieiri)r(fc/2 + t + ie 2 r 2 )r(/c/2 — s + ieiri)r(fc/2 - t + ie 2 r 2 ) 


x 


r(fc/2 + iri)r(/c/2 — iri)r(/c/2 + ir 2 )r(/c/2 — ir 2 ) 
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f(n,r 2 ) ■■ = 


0 (g) P r (s)P r (t) ( 0(1 + t + s + iri + ir 2 ) 


J ' g R r (0) 2 C<?(2 + 2 in + 2 ir 2 ) 

x <0(1 + t - s + iri + ir 2 )C g (l — t + s + ir i + ir 2 )<0(l - t — s + iri + ir 2 ) 

T(fc /2 + s + iri)T(k /2 + t + ir 2 )T(k /2 — s + ir 1 )Y{k /2 — t + ir 2 ) 
T(fc /2 + iri)r(/c /2 — ir\)T{k /2 + ir 2 )T(A ;/2 — ir 2 ) 

Consider 


g(s,t) = lim lim V] <0(1 + 2ieiri)0(l + 2ie 2 r 2 )g 

ri—>0r2 —>0 L —' 


2iein+2ie2r-2 


£l,£2=±l 


x f(eir i, e 2 r 2 ) = 


(21ogg + 7) 2 /(0,0) 


+ i(2logg + 7) (f(0,0) + f(0,0))--^(0,0) . 

V or 1 or 2 J or \ ur 2 


f(0, o) = -2/(0, 0) f 2 |(2) - ]T |(1 ± f ± a) - £ ^(*/2 ± a) j , 
J£(0,0) = -i/(0,0) (2|(2)-^|(l±i± s )-^0(i/2±i)) , 


^-(0,0) = -/(0,0)[^|(l ±t±S ) 

+ 2^ 01 ± i ± S)0(1 ±t±s) + '£ C f(l±t±s) 

S q S q Sg 

x f - 4 ^( 2 ) + £ 0 (i /2 ± t) + Yi 0 (l '/2 ± ») J 
+ ^ ^2 ± i) X f (*/2 ± *) - 4 |( 2 ) + 8 (|(2)) 

- 2 |< 2 ) (E 0^/2 ± ‘) E ^r( fc / 2 ± *) 


Then 


lim M ood =-— 

(t,r)—»(0,0) (27ri) 2 


' 5Rt=fc/2+0.7 J5Rs=fc/2-0.4 


#(M) 


2ds 2 dt 


The function g(s,t) is even in both variables s and t. Therefore, 

V n ,rOOD 1 D 4g(s,t) 0(0,t) 

Inn M = - Res. s=t=0 --— = ReS( =0 —-—. 

(t,r)->(0,0) 4 St t 
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To find the order of the leading term, we replace all £(1 ± t) by A-. Let 


Then 


P r (t) T(k/2 + t)T(k/2-t) 

pM r(fc/ 2) 2 


<Kq) 


C»(2) 


Res+ = 


t =o 


r(t) 

t 5 


((log q )' 2 + ^ 


v 


< i>(q ) 


1 l 

02 ) 6 ! 


(4 r ( 6 )(0) -f 30r^ 4) (0)(logg)^ 


Therefore, lim^^^o) M OOD is a polynomial in logg of order 2. 

□ 
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Appendices 

A Bessel functions 


Lemma A.l. ( \KMV2\j . Lemma C.l) Let z > 0 and v E C. Then 
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(A.l) 

(z v Jv(z))' = z v J v -i(z), 

(A.2) 

(z v Y v (z))' =z v Y v . 1 (z), 

(A.3) 

(. z v K v (z ))' = -^’AVi(^) 


Lemma A.2. ( IKMV21 . Lemma C.2) For z > 0 and j > 0 we have 


(1 + z) 


(1 + z)- 


74%) «j,i 


Mv 


Y„ U \Z) «, 


(1 +l)*”+ 1 /2’ 

(1 + I log^l) 

(l + z ) 1 / 2 ’ 


(A.4) 

(A.5) 

(A ‘ 6) (1 + (i + z )i/2 

Lemma A.3. ( ' 11 V/| /. page 149) Assume that dt(ni + /i 2 + 1) > 3?(2s) > 0. 
Then 

r(2 s) 


z ‘ l 1 + !.y = 


(A.7) f°° M21m21 dz= 1 


.2s 


X 


2 2a r( — /U-i/2 + /j -2 /2 + s + 1/2) 
r(/ii/2 + yU 2 /2 — s + 1/2) 


r(/ii/2 + /i 2 /2 + s + l/2)r(/ii/2 — ytx 2 / 2 + s + 1/2) 
Lemma A.4. ([Bit), lemma 3) Let F : (0, oo) -E- C be a smooth function 
of compact support. For s E C let B s denote one of J s , Y s or K s . Then for 
a > 0 and j E N we have 

poo 

(A.8) / F(x)B s (cty/x)dx 

Jo 

/ o \ 1 r°° 

= ± ( -J j -^j(F(x)x~ s/ 2 )x^B s+j (ay/x)dx. 

Lemma A.5. i ’YHi. equations 10.6.7 and 10.29.5) For k — 0,1, 2, ..., 

(A.9) 




71=0 


(A.10) e sm K[\z) = 1 ^ s - fc ^A s _ fe (^) + Q e (*-fc+2)-K s _ fc+2 ( z ) 

+ ( 2 ) e(s_fe+4)7r *-A s _fe + 4 (z) + ... + e^ +k ^K s+k (z)] . 
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B Mellin transforms 

Lemma B.l. ([OB ]. 2.19, page 15) Let 4>(x) = (6 + ax)~ v . Then for 0 < 
9f Iz < v 


(B.l) 


4>(x)x z 1 dx = ( b/a) z b 


„r(z)i> - j) 


jo r(t') 

Lemma B.2. ((Ob). 2.20, page 16) Let > — 1 and 


<t>{x) = 


(a — x) v if x < a 
0 if x > a 


Then for ]Rz > 0 


(B.2) 


V+Z r(v + i)r(^) 


/ d)(x)x z (lx — a' . 

/o V 7 T(v + z + l) 


Lemma B.3. ([OB], 2 .21, page 16) Let Jftn > — 1 and 

(x — a) v if x > a 


f(x) = 


if x < a 


Then for Jfo < — 


(B.3) 


*-ij_ _ „v+z r (- v - z ) r ( v + !) 


/ (j){x)x z dx = a 

I o r(i-z) 


Lemma B.4. (( BE ], p.21) For x > 0, 

myf v , , s 11 /' (X\~ s r(s/2 + k/2 - 1/2) 

(B.4) Jk_\(x) — --—: / - _ /n , [, n , ' 


2 2 tt« 7 ((r) \2) r(-s/2 + fc/2 + 1/2) 

where —k + 1 < cr < 1. 

Changing variable —s\=k—l + 2z, we obtain 

Lemma B.5. 


(B.5) Jk-i(x) = - 

where —k/2 < a < 0. 
Let 


7r 


2ni J^ r(l + z)T(k + z) sin (ttz) v2 


X \ 1+22: 


dz, 


(B.6) 


^IL—l 

7 (u, v ) :=-r(tt + v — l/2)r(n — n + 1/2). 
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Lemma B.6. (JK], p. 89) 


(B.7) 


k 0 (x, v)x w 1 dx = 7 ( 10 / 2 , v) cos ( 7110 / 2 ), 


(B.8) 


ki(x,v)x w l dx — 7(10/2, v) sin (710). 


Corollary B.7. 

(B.9) k 1 (x,l/2 + ir) = sm (^(V 2 + zr )) f x -W 1 (fri/ 2 + ir)2df3, 

27T7 7(0.7) 

(B.10) k 0 (x, 1/2 + ir) = / x~ 2/3 ^(/3, 1/2 + ir) cos (7r/3)2ci/5, 

2711 ./(*) 

where the contour of integration (*) can be taken as $t/3 = —1 except the 
area |£y/?| < 1, where it crosses the real axis at 3?/3 > 0. 



